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Abstract 

We investigate the dynamics of polynomial semigroups (semigroups generated by a family 
of polynomial maps on the Riemann sphere C) and the random dynamics of polynomials on 
the Riemann sphere. Combining the dynamics of semigroups and the fiberwise (random) 
dynamics, we give a classification of polynomial semigroups G such that G is generated by a 
compact family F, the planar postcritical set of G is bounded, and G is (semi-) hyperbolic. 
In one of the classes, we have that for almost every sequence 7 £ F N , the Julia set J 7 of 7 is 
a Jordan curve but not a quasicircle, the unbounded component of C \ J 7 is a John domain, 
and the bounded component of C \ J 7 is not a John domain. Note that this phenomenon does 
not hold in the usual iteration of a single polynomial. Moreover, we consider the dynamics 
of polynomial semigroups G such that the planar postcritical set of G is bounded and the 
Julia set is disconnected. Those phenomena of polynomial semigroups and random dynamics 
of polynomials that do not occur in the usual dynamics of polynomials are systematically 
investigated. 



1 Introduction 



This is the third paper in which the dynamics of semigroups of polynomial maps with bounded 
planar postcritical set in C are investigated. This paper is self-contained and the proofs of the 
results of this paper are independent from the results in [371 138] . 

The theory of complex dynamical systems, which has its origin in the important work of Fatou 
and Julia in the 1910s, has been investigated by many people and discussed in depth. In particular, 
since D. Sullivan showed the famous "no wandering domain theorem" using Teichmiiller theory in 
the 1980s, this subject has attracted many researchers from a wide area. For a general reference 
on complex dynamical systems, see Milnor's textbook [15] . 

There are several areas in which we deal with generalized notions of classical iteration theory 
of rational functions. One of them is the theory of dynamics of rational semigroups (semigroups 
generated by a family of holomorphic maps on the Riemann sphere C), and another one is the 
theory of random dynamics of holomorphic maps on the Riemann sphere. 

*To appear in Ergodic Theory Dynam. Systems. 2000 Mathematics Subject Classification. 37F10, 30D05. 
Keywords: Complex dynamics, polynomial semigroup, rational semigroup, Random complex dynamics, Julia set. 
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In this paper, we will discuss these subjects. A rational semigroup is a semigroup generated 
by a family of non-constant rational maps on C, where C denotes the Riemann sphere, with 
the semigroup operation being functional composition (12 ). A polynomial semigroup is a 
semigroup generated by a family of non-constant polynomial maps. Research on the dynamics 
of rational semigroups was initiated by A. Hinkkanen and G. J. Martin ([TJl H3])j who were 
interested in the role of the dynamics of polynomial semigroups while studying various one-complex- 
dimensional moduli spaces for discrete groups, and by F. Ren's group([45, H]), who studied such 
semigroups from the perspective of random dynamical systems. Moreover, the research on rational 
semigroups is related to that on "iterated function systems" in fractal geometry. In fact, the Julia 
set of a rational semigroup generated by a compact family has " backward self-similarity" (cf. 
Lemma l37fll2|). For other research on rational semigroups, see [20l [2T1 [22l [44l [23l [24l [42l HT1 1^3] . 
and [27]-[39]. 

The research on the dynamics of rational semigroups is also directly related to that on the 
random dynamics of holomorphic maps. The first study in this direction was by Fornaess and 
Sibony (0), and much research has followed. (See PMI1I1E1I31I32]-) 

We remark that the complex dynamical systems can be used to describe some mathematical 
models. For example, the behavior of the population of a certain species can be described as the 
dynamical system of a polynomial f(z) — az{\ — z) such that / preserves the unit interval and the 
postcritical set in the plane is bounded (cf. [8]). It should also be remarked that according to the 
change of the natural environment, some species have several strategies to survive in the nature. 
From this point of view, it is very important to consider the random dynamics of such polynomials 
(see also Example II .4[) . For the random dynamics of polynomials on the unit interval, see |26j . 

We shall give some definitions for the dynamics of rational semigroups. 

Definition 1.1 ([HHH]). Let G be a rational semigroup. We set 

F(G) = {z G C | G is normal in a neighborhood of z}, and J{G) = C \ F(G). 

F(G) is called the Fatou set of G and J(G) is called the Julia set of G. We let (hi, ft-2> • • •) 
denote the rational semigroup generated by the family {hi}. More generally, for a family T of non- 
constant rational maps, we denote by (F) the rational semigroup generated by T. The Julia set of 
the semigroup generated by a single map g is denoted by J(g). Similarly, we set F(g) := F((g)). 

Definition 1.2. 

1. For each rational map g : C — * C, we set CV(g) := {all critical values of g : C — * C}. 
Moreover, for each polynomial map g : C — > C, we set CV*(g) := CV(g) \ {oo}. 

2. Let G be a rational semigroup. We set 

P{G) := jj CV(g) (c C). 
gee 

This is called the postcritical set of G. Furthermore, for a polynomial semigroup G, we set 
P*(G) :— P(G) \ {oo}. This is called the planar postcritical set (or finite postcritical 
set) of G. We say that a polynomial semigroup G is postcritically bounded if P*(G) is 
bounded in C. 

Remark 1.3. Let G be a rational semigroup generated by a family A of rational maps. Then, 
we have that P(G) = U s eGu{/d} ff(U/i<=A CV(h)), where Id denotes the identity map on C. Thus 
g(P(G)) C P(G) for each g 6 G. From this formula, one can figure out how the set P(G) (resp. 
P*(G)) spreads in C (resp. C). In fact, in Section [5l using the above formula, we present a 
way to construct examples of postcritically bounded polynomial semigroups (with some additional 
properties). Moreover, from the above formula, one may, in the finitely generated case, use a 
computer to see if a polynomial semigroup G is postcritically bounded much in the same way as 
one verifies the boundedness of the critical orbit for the maps f c (z) — z 2 + c. 
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Example 1.4. Let A := {h(z) = cz a (\-z) h \ a,b £ N, c> 0, c(-^ E ) a {^ E ) b < 1} and let G be the 
polynomial semigroup generated by A. Since for each h £ A, h([0, 1]) C [0, 1] and CV*(h) C [0, 1], 
it follows that each subsemigroup H of G is postcritically bounded. 

Remark 1.5. It is well-known that for a polynomial g with deg(g) > 2, P*((g)) is bounded in C 
if and only if J(g) is connected ([TH] Theorem 9.5]). 

As mentioned in Remark ll.5l the planar postcritical set is one piece of important information re- 
garding the dynamics of polynomials. Concerning the theory of iteration of quadratic polynomials, 
we have been investigating the famous "Mandelbrot set" . 

When investigating the dynamics of polynomial semigroups, it is natural for us to discuss the 
relationship between the planar postcritical set and the figure of the Julia set. The first question 
in this regard is: 

Question 1.6. Let G be a polynomial semigroup such that each element g S G is of degree two 
or more. Is J(G) necessarily connected when P*(G) is bounded in C? 

The answer is NO. 

Example 1.7 ([H]). Let G = (z 3 , ^). Then P*(G) = {0} (which is bounded in C) and J(G) 
is disconnected (J(G) is a Cantor set of round circles). Furthermore, according to 32, Theorem 
2.4.1], it can be shown that a small perturbation H of G still satisfies that P*(H) is bounded in 
C and that J(H) is disconnected. (J{H) is a Cantor set of quasi-circles with uniform dilatation.) 

Question 1.8. What happens if P*(G) is bounded in C and J(G) is disconnected? 

Problem 1.9. Classify postcritically bounded polynomial semigroups. 

Definition 1.10. Let Q be the set of all polynomial semigroups G with the following properties: 

• each element of G is of degree two or more, and 

• P*(G) is bounded in C, i.e., G is postcritically bounded. 

Furthermore, we set Q con = {G £ Q \ J(G) is connected} and Qdi S = {G £ Q \ J(G) is disconnected}. 

We also investigate the dynamics of hyperbolic or semi- hyperbolic polynomial semigroups. 
Definition 1.11. Let G be a rational semigroup. 

1. We say that G is hyperbolic if P{G) C F{G). 

2. We say that G is semi-hyperbolic if there exists a number <5 > and a number N £ N 
such that, for each y £ J{G) and each g £ G, we have deg(g : V — > B(y,5)) < N for each 
connected component V of g^ 1 (B(y,5)), where B(y,S) denotes the ball of radius 5 with 
center y with respect to the spherical distance, and deg(g :•—►•) denotes the degree of finite 
branched covering. (For the background of scmi-hypcrbolicity, see [37J and [3D].) 

Remark 1.12. There are many nice properties of hyperbolic or semi- hyperbolic rational semi- 
groups. For example, for a finitely generated semi-hyperbolic rational semigroup G , there exists 
an attractor in the Fatou set ([2JJ [30] ), and the Hausdorff dimension dimjy (J(G)) of the Julia 
set is less than or equal to the critical exponent s(G) of the Poincare series of G ([27J)- If we 
assume further the "open set condition", then drniy( J(G)) = s(G) ([33] S3]). Moreover, if G £ Q 
is generated by a compact set T and if G is semi-hyperbolic, then for each sequence 7 £ T N , the 
basin of infinity for 7 is a John domain and the Julia set of 7 is connected and locally connected 
([30]). This fact will be used in the proofs of the main results of this paper. 
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In this paper, we classify the semi-hyperbolic, postcritically bounded, polynomial semigroups 
generated by a compact family T of polynomials. We show that such a semigroup G satisfies 
either (I) every fiberwise Julia set is a quasicircle with uniform distortion, or (II) for almost every 
sequence 7 G T N , the Julia set J 7 is a Jordan curve but not a quasicircle, the basin of infinity A 7 
is a John domain, and the bounded component J7 7 of the Fatou set is not a John domain, or (III) 
for every a, j3 S T N , the intersection of the Julia sets J a and Jp is not empty, and J(G) is arcwise 
connected (cf. Theorem l2.19j) . Furthermore, we also classify the hyperbolic, postcritically bounded, 
polynomial semigroups generated by a compact family T of polynomials. We show that such a 
semigroup G satisfies either (I) above, or (II) above, or (III)': for every a, (3 £ T N , the intersection 
of the Julia sets J a and Jp is not empty, J(G) is arcwise connected, and for every sequence 7 £ T N , 
there exist infinitely many bounded components of F 7 (cf. Theorem l2.2ip . We give some examples 
of situation (II) above (cf . Example I2.22[ figure [IJ Example 12 . 231 an d Section [5|) . Note that 
situation (II) above is a special phenomenon of random dynamics of polynomials that does not 
occur in the usual dynamics of polynomials. 

The key to investigating the dynamics of postcritically bounded polynomial semigroups is 
the density of repelling fixed points in the Julia set (cf. Theorem 13.21) . which can be shown 
by an application of the Ahlfors five island theorem, and the lower semi-continuity of 7 1— > J 7 
(Lemma l3.4l l2|). which is a consequence of potential theory. The key to investigating the dynamics 
of semi-hyperbolic polynomial semigroups is, the continuity of the map 7 1— > J 7 (this is highly 
nontrivial; see [57]) and the Johnness of the basin A 1 of infinity (cf. 30]). Note that the continuity 
of the map 7 1— > J 7 does not hold in general, if we do not assume semi-hyperbolicity. Moreover, 
one of the original aspects of this paper is the idea of "combining both the theory of rational 
semigroups and that of random complex dynamics" . It is quite natural to investigate both fields 
simultaneously. However, no study thus far has done so. 

Furthermore, in Section[5j we provide a way of constructing examples of postcritically bounded 
polynomial semigroups with some additional properties (disconnectedness of Julia set, semi-hyperbolicity, 
hyperbolicity, etc.) (cf. Lemma [5TTll5.2i[5T4ll5.5H5.6|) . By using this, we will see how easily situation 
(II) above occurs, and we obtain many examples of situation (II) above. 

As wee see in Example QT4] and Section [5j it is not difficult to construct many examples, it is not 
difficult to verify the hypothesis "postcritically bounded" , and the class of postcritically bounded 
polynomial semigroups is very wide. 

Throughout the paper, we will see some phenomena in polynomial semigroups or random 
dynamics of polynomials that do not occur in the usual dynamics of polynomials. Moreover, those 
phenomena and their mechanisms are systematically investigated. 

In Section [21 we present the main results of this paper. We give some tools in Section [3] The 
proofs of the main results are given in Section |U In Section we present many examples. 

There are many applications of the results of postcritically bounded polynomial semigroups in 
many directions. In subsequent papers [391 140 ] . we will investigate Markov process on C associated 
with the random dynamics of polynomials and we will consider the probability Too(z) of tending 
to co S C starting with the initial value z G C. It will be shown in [39l|40] that if the associated 
polynomial semigroup G is postcritically bounded and the Julia set is disconnected, then the 
function Too defined on C has many interesting properties which are similar to those of the Cantor 
function. For example, under certain conditions, Too is continuous on C, varies precisely on J(G) 
which is a thin fractal set, and Too has a kind of monotonicity. Such a kind of "singular functions 
on the complex plane" appear very naturally in random dynamics of polynomials and the study 
of the dynamics of postcritically polynomial semigroups are the keys to investigating that. (The 
above results have been announced in [34l 135].) 

Moreover, as illustrated before, it is very important for us to recall that the complex dynamics 
can be applied to describe some mathematical models. For example, the behavior of the population 
of a certain species can be described as the dynamical systems of a polynomial h such that h 
preserves the unit interval and the postcritical set in the plane is bounded. When one considers 
such a model, it is very natural to consider the random dynamics of polynomials with bounded 
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postcritical set in the plane (see Example 1 1.4p . 

In |37j , we investigate the dynamics of postcritically bounded polynomial semigroups G which 
is possibly generated by a non-compact family. The structure of the Julia set is deeply studied, 
and for such a G with disconnected Julia set, it is shown that J(G) C C, and that if A and B are 
two connected components of J(G), then one of them surrounds the other. Therefore the space 
Jg of all connected components of J(G) has an intrinsic total order. Moreover, we show that for 
each n € N U {Ho}, there exists a finitely generated postcritically bounded polynomial semigroup 
G such that the cardinality of the space of all connected components of J{G) is equal to n. In 
[38] , by using the results in [37], we investigate the fiberwise (random) dynamics of polynomials 
which are associated with a postcritically bounded polynomial semigroup G. We will present some 
sufficient conditions for a fiberwise Julia set to be a Jordan curve but not a quasicircle. Moreover, 
we will investigate the limit functions of the fiberwise dynamics. In the subsequent paper [24], 
we will give some further results on postcritically bounded polynomial semigroups, based on |37j 
and this paper. Moreover, in the subsequent paper [36], we will define a new kind of cohomology 
theory, in order to investigate the action of finitely generated semigroups, and we will apply it to 
the study of the dynamics of postcritically bounded polynomial semigroups. 

Acknowledgement: The author thanks R. Stankewitz for many valuable comments. 

2 Main results 

In this section we present the statements of the main results. The proofs are given in Section [4] 
In order to present the main results, we need some notations and definitions. 

Definition 2.1. We set Rat : = {h : C — > C | h is a non-constant rational map} endowed with the 
distance r\ which is defined by "qihi^h-i) := sup zG ^d(hi(z),h2(z)), where d denotes the spherical 
distance on C. We set Poly := {h : C — > C | h is a non-constant polynomial} endowed with the 
relative topology from Rat. Moreover, we set Polyd C g>2 := {.9 G Poly | deg(g) > 2} endowed with 
the relative topology from Rat. 

Remark 2.2. Let d > 1, {p n }neN a sequence of polynomials of degree d, and p a polynomial. 
Then, p n — > p in Poly if and only if the coefficients converge appropriately and p is of degree d. 

Definition 2.3. For a polynomial semigroup G, we set 

K(G) :={zeC \ |J {g(z)} is bounded in C} 

sec 

and call K(G) the smallest filled-in Julia set of G. For a polynomial g, we set K (g) := K((g)). 

Definition 2.4. For a set A c C, we denote by int(A) the set of all interior points of A. 

Definition 2.5 ([27] [30]). 

1. Let X be a compact metric space, j:I^Ia continuous map, and / :XxC^IxCa 
continuous map. We say that / is a rational skew product (or fibered rational map on trivial 
bundle XxC) over g : X — > X , UttoJ — goir where tt : X x C — » X denotes the canonical 
projection, and if, for each x G X, the restriction f x := /|7r-i({x}) : 7r_1 ({ a; }) ~~ * 7r_1 ({5( :z; )}) 
of / is a non-constant rational map, under the canonical identification Tr^da/}) = C for 
each x' S X. Let d(x) = deg(f x ), for each x E X. Let f x , n be the rational map defined by: 
fx,n{y) = T^c(f n (x, y)), for each n G N, x G X and y G C, where ir^, : X x C — > C is the 
projection map. 

Moreover, if / Xj i is a polynomial for each x £ X, then we say that / :IxC^IxCisa 
polynomial skew product over g : X — > X. 
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2. Let T be a compact subset of Rat. We set T N := {7 = (71, 72, ■ ■ ■) I Y?, jj G T} endowed with 
the product topology. This is a compact metric space. Let a : T N — * F N be the shift map, 
which is defined by 17(71,72, . . .) := (72,73, ■ ■ ■)■ Moreover, we define a map / : T N x C — * 
r N x C by: (7,?/) 1— > (er (7), 71 (y)), where 7 = (71,72, ■ ■ ■)• This is called the skew product 
associated with the family F of rational maps. Note that / 7 , n (y) = 7n • • • 7i(y)- 

Remark 2.6. Let / :IxC^IxCbea rational skew product over g : X — » X. Then, the 
function a; 1— > d(x) is continuous on X. 

Definition 2.7 ( [27] l30]). Let / : X x C -»• X x C be a rational skew product over g : X ^ X. 
Then, we use the following notation. 

1. For each x G X and n G N, we set /£ := / n U-i ({x} ) : 7r _1 ({a;}) -> 7r _1 ({flr™(a;)}) cIxC. 

2. For each 1 £ I, we denote by F x (f) the set of points y G C which have a neighborhood U in 
C such that {f x , n '■ U — > C}„ 6 n is normal. Moreover, we set F x (f) := {x} x F x (f) (<Z X x C). 

3. For each x £ X , we set J x (/) := C\F x (f). Moreover, we set J x (f) := {2} x J x (/) (c IxC). 
These sets J x (f) and J x (/) are called the fiberwise Julia sets. 

4. We set J(f) '■= \J xe x J x (f)i wri ere the closure is taken in the product space IxC. 

5. For each i£l,we set >(/) := ^({x}) n J(/). Moreover, we set J x (/) := Ti t {J x {f)). 

6. We set := (IxC) \ J(/). 

Remark 2.8. We have J x (f) D J x (f) and J x (/) D J x (f)- However, strict containment can occur. 
For example, let hi be a polynomial having a Siegcl disk with center z\ G C. Let h 2 be a polynomial 
such that Z\ is a repelling fixed point of h 2 - Let T = {hi, h 2 }- Let f: TxC^TxCbe the skew 
product associated with the family T. Let x — (hi, hi, hi, . . .) G L N . Then, (x, zi) G J x (f) \ J x {f) 
and Zi G J a (/) \ Jx(/)< 

Definition 2.9. Let / :IxC^IxCbea polynomial skew product over g : X — > X. 
Then for each x & X, we set K x (f) := {y G C | {/i. n (2/)}neN is bounded in C}, and := 
{y G C I f x ,n(y) ^ 00, n ^ 00}. Moreover, we set K x (f) :— {x} x K x (f) (d X x C) and 
A x (f) := {xj x A x (f) (cXxC). 

Definition 2.10. Let / :IxC^IxCbea rational skew product over g : X — > X. We set 

C(/) := {(x, y) G X x C I y is a critical point of /^i}. 

Moreover, we set P(f) := [J neN f n (C(f)), where the closure is taken in the product space IxC. 
This P(f) is called the fiber-postcritical set of /. 

We say that / is hyperbolic (along fibers) if P(f) G F(f). 

Definition 2.11 (27\). Let / :IxC->IxCbea rational skew product over g : X — ► X. Let 
N G N. We say that a point (xo,yo) G X x C belongs to SHn(J) if there exists a neighborhood 
U of xq in I and a positive number (5 such that for any x G U, any n G N, any x„ G g~ n (x), and 
any connected component V of {f Xn , n )~ 1 {B(yo, 5)), deg(/ Xn) „ : V — > B(y ,S)) < N. Moreover, 
we set UH(f) := (X X C) \ LiNeNSHwtf). We say that / is semi-hyperbolic (along fibers) if 
[/#(/) c F(/). 

Remark 2.12. Let T be a compact subset of Rat and let / : T N x C — > T N x C be the skew product 
associated with T. Let G be the rational semigroup generated by V. Then, by Lemma 13 .51 111 it is 
easy to see that / is semi-hyperbolic if and only if G is semi-hyperbolic. Similarly, it is easy to see 
that / is hyperbolic if and only if G is hyperbolic. 
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Definition 2.13. Let K > 1. A Jordan curve £ in C is said to be a if-quasicircle, if £ is the 
image of >S' 1 (c C) under a A-quasiconformal homeomorphism ip : C — ► C. (For the definition of a 
quasicircle and a quasiconformal homeomorphism, see [15].) 

Definition 2.14. Let V be a subdomain of C such that dV C C. We say that V is a John domain 
if there exists a constant c > and a point zo € ^ ( z o = oo when oo G V) satisfying the following: 
for all z\ G V there exists an arc £ C V connecting z\ to Zq such that for any z G £, we have 
min{|2 — o| | a G dy} > c|z — (Note: in this paper, if we consider a John domain V, we 
require that dV C C. However, in the original notion of John domain, more general concept of 
John domains V was given, without assuming dV C C f[17j).l 

Remark 2.15. Let V be a simply connected domain in C such that dV C C. It is well-known 
that if V is a John domain, then dV is locally connected ( [171 P a g e 26]). Moreover, a Jordan curve 
( C C is a quasicircle if and only if both components of C \ £ are John domains ([TjJ Theorem 
9.3]). 

Definition 2.16. Let X be a complete metric space. A subset A of A is said to be residual if 
A \ A is a countable union of nowhere dense subsets of X. Note that by Baire Category Theorem, 
a residual set A is dense in X. 

Definition 2.17. For any connected sets K\ and in C, ll K\ < K2" indicates that K\ = K%, 
or K\ is included in a bounded component of C\ K^. Furthermore, a K\ < indicates K\ < K2 
and K\ ^ K^. Note that "<" is a partial order in the space of all non-empty compact connected 
sets in C. This "<" is called the surrounding order. 

Let r be a Borel probability measure on Polydeg>2- We consider the independent and identically 
distributed (abbreviated by i.i.d.) random dynamics on C such that at every step we choose a 
polynomial map h : C — > C according to the distribution r. (Hence, this is a kind of Markov 
process on C. ) 

Definition 2.18. For a Borel probability measure r on Polyd cg >2, we denote by r T the topological 
support of t in Polyd cg >2- (Hence, T T is a closed set in Polyd C g>2-) Moreover, we denote by f the 
infinite product measure <8>j2.x T - This is a Borel probability measure on rj. Furthermore, we denote 
by G T the polynomial semigroup generated by P T . 

We present a result on compactly generated, semi-hyperbolic, polynomial semigroups in Q. 

Theorem 2.19. Let T be a non-empty compact subset o/Polydeg>2- Let f : T N x C — > T N x C be 
the skew product associated with the family T of polynomials. Let G be the polynomial semigroup 
generated by V. Suppose that G € Q and that G is semi-hyperbolic. Then, exactly one of the 
following three statements]]^ [H and^holds. 

1. G is hyperbolic. Moreover, there exists a constant K > 1 such that for each 7 G T N , J 7 (/) is 
a K -quasicircle. 

2. There exists a residual Borel subset U of T N such that, for each Borel probability measure r 
on Polydo g >2 with T T = T, we have f{U) — 1, and such that, for each 7 G U, J 7 (/) is a 
Jordan curve but not a quasicircle, A 1 (f) is a John domain, and the bounded component of 
Fj(f) is not a John domain. Moreover, there exists a dense subset V of T N such that, for 
each 7 £ V, Jj(f) is not a Jordan curve. Furthermore, there exist two elements a, (3 G T N 
such that Jp(f) < J a (f)- (Remark: by Lemma [373\. for each p G T N , J p (/) is connected.) 

3. There exists a dense subset V ofT N such that for each 7 G V, J-y(f) is not a Jordan curve. 
Moreover, for each a, (3 G r N , J a (f) H Jp{f) 7^ 0- Furthermore, J(G) is arcwise connected. 
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Corollary 2.20. Let T be a non-empty compact subset of Polyd Gg >2- Let f : T N X C — ► T" X C be 
the skew product associated with the family T of polynomials. Let G be the polynomial semigroup 
generated by V . Suppose that G G Qdis and that G is semi-hyperbolic. Then, either statement[J] or 
statement^ in Theorem \2.19\ holds. In particular, for any Borel Probability measure r on Polyd og >2 
with T T = r, for almost every 76 with respect to f, J-y(f) is a Jordan curve. 

We now classify compactly generated, hyperbolic, polynomial semigroups in Q . 

Theorem 2.21. Let T be a non-empty compact subset o/Polyd og >2- Let f : T N x C — > T N x C be 
the skew product associated with the family T. Let G be the polynomial semigroup generated by T. 
Suppose that G € Q and that G is hyperbolic. Then, exactly one of the following three statements 
0i and\^holds. 

1. There exists a constant K > 1 such that for each 7 G T N , J 7 (/) is a K-quasicircle. 

2. There exists a residual Borel subset U of T N such that, for each Borel probability measure r 
on Polyd g>2 with T T = T, we have f(lA) = 1, and such that, for each 7 € hi, J 7 (/) is a 
Jordan curve but not a quasicircle, Ay(/) is a John domain, and the bounded component of 
F 1 (f) is not a John domain. Moreover, there exists a dense subset V of T N such that, for 
each 76 V, J-y(f) is a quasicircle. Furthermore, there exists a dense subset W of T N such 
that, for each 7 G W, there are infinitely many bounded connected components of F 1 (f). 

3. For each 7 G T N , there are infinitely many bounded connected components of F 1 (f ). More- 
over, for each a, (3 G T K , J a {f) H Jpif) ^ 0- Furthermore, J(G) is arcwise connected. 

Example 2.22. Let gi (z) :=z 2 -l and g 2 (z) := Let T := {gl,g$}. Let / : L N x C -> T N x C 
be the skew product associated with T. Moreover, let G be the polynomial semigroup generated by 
P. Let D := {z G C | \z\ < 0.4}. Then, it is easy to see g\{D) U gl{D) C D. Hence, D C F(G). Let 
U be a small disk around -1. Then g\{ U) C U and g%(U) C D . Therefore U C F(G). Moreover, 
by Remark O we have that P*(G) = (j g&Gu{Id} g({0, -1}) CflUt/C F(G). Hence, G G Q 
and G is hyperbolic. Furthermore, let K := {z G C | 0.4 < \z\ < 4}. Then, it is easy to see that 
(gl)-\K) U {gly l {K) C K and (^^(iT) n (.gl) _1 (^) = 0- Combining this with Lemma OH 
and Lemma we obtain that J(G) is disconnected. Therefore, G G Qdis- Let ft.^ := g\ for each 
i = 1,2. Let < pi,P2 < 1 with pi + P2 = L Let r := ^ i=1 Pi^i ■ Since J(3i) is not a Jordan 
curve, from Theorem 12.211 it follows that for almost every 7 G T N with respect to f, J 7 (/) is a 
Jordan curve but not a quasicircle, and Ay(/) is a John domain but the bounded component of 
F~f(f) is not a John domain. (See figureQ] the Julia set of G.) In this example, for each connected 
component J of J(G), there exists a unique 7 G T N such that J = </ 7 (/)- 

Example 2.23. Let ^1(2) :— z 2 - 1 and /i 2 (z) := az 2 , where a G C with < |a| < 0.1. Let 
T := {/ii,/i 2 }. Moreover, let G := (hi,h 2 ). Let [7 := {|z| < 0.2}. Then, it is easy to see that h 2 (U) C 
U, h 2 {hi{U)) C 17, and h\{U) C 17. Hence, U G F(G). It follows that P*{G) C int(K(G)) C F{G). 
Therefore, G € Q and G is hyperbolic. Since J (hi) is not a Jordan curve and J(h 2 ) is a Jordan 
curve, Theorem 12.211 implies that there exists a residual subset U of T N such that, for each Borel 
probability measure r on Polyd eg >2 with T T = T, we have f(U) = 1, and such that, for each 7 G U, 
J-y(f) is a Jordan curve but not a quasicircle. Moreover, for each 7 G U, A y (f) is a John domain, 
but the bounded component of F 1 (f) is not a John domain. 

Remark 2.24. Let h G Polyd cg >2 be a polynomial. Suppose that J(h) is a Jordan curve but 
not a quasicircle. Then, it is easy to see that there exists a parabolic fixed point of h in C and 
the bounded connected component of F(h) is the immediate parabolic basin. Hence, (h) is not 
semi- hyperbolic. Moreover, by 5j, F^^h) is not a John domain. 

Thus what we see in statement [5] in Theorem 12.191 and statement [5] in Theorem I2.21[ as illus- 
trated in Example I2.22l and Example l2.23l (see also Section [5]), is a phenomenon which can hold in 
the random dynamics of a family of polynomials, but cannot hold in the usual iteration dynamics 
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Figure 1: The Julia set of G = (Si,!?!)) where g\{z) := z 2 — l,g 2 (z) := For a.e.7, J 7 (/) is a 
Jordan curve but not a quasicircle, Ay(/) is a John domain, and the bounded component of -F 7 (/) 
is not a John domain. For each connected component J of J(G), there exists a unique 7 € T N such 
that J = J 7 (/). 



of a single polynomial. Namely, it can hold that for almost every 7 € r N , J 7 (/) is a Jordan curve 
and fails to be a quasicircle all while the basin of infinity A 1 (f) is still a John domain. Whereas, 
if J(h), for some polynomial h, is a Jordan curve which fails to be a quasicircle, then the basin of 
infinity Foo(h) is necessarily not a John domain. 

In Section we will see how easily situation [2] in Theorem 12 . 191 and situation [2] in Theorem l2.21l 
occur. 

Pilgrim and Tan Lei f[18j) showed that there exists a hyperbolic rational map h with discon- 
nected Julia set such that "almost every" connected component of J(h) is a Jordan curve but not 
a quasicircle. 

We give a sufficient condition so that statement Q] in Theorem 12.211 holds . 

Proposition 2.25. Let T be a non-empty compact subset o/Polyd cg >2- Let f : T N x C — > T N x C 

be the skew product associated with the family T. Let G be the polynomial semigroup generated by 
r. Suppose that P*(G) is included in a connected component of iat(K(G)). Then, there exists a 
constant K > 1 such that for each 7 £ T N , J 7 (/) is a K -quasicircle. 

Example 2.26. Let d\, . . . , d m £ N with dj > 2 for each j, and let hj(z) = ajZ dj + Cj,aj 7^ 0, 
for each j = 1, . . . , m. Let T — (gx, . . . , g m ). If \cj \ is small enough for each j, then T satisfies the 
assumption of Proposition l2~2"5l Thus statement [1] in Theorem 12.211 holds . 

We have also many examples of T such that statement [3] in Theorem 12.191 or statement [3] in 
Theorem [2T2T1 holds. 

Example 2.27. Let hi £ Poly dcg>2 - Suppose that (hi) £ Q and h\ is hyperbolic. Suppose also 
that h\ has at least two attracting periodic points in C. Let T be a small compact neighborhood of 
hi in Polydeg>2- Then (r) £ Q and (r) is hyperbolic (see Lemma . Moreover, by the argument 
in the proof of Lemma 151)1 we see that for each 7 £ T N , F 1 (f) has at least two bounded connected 
components, where / : T N x C — > T N x C is the skew product associated with T. Thus statement [3] 
in Theorem 12 . 2 1 1 holds . We remark that by using Lemma |5 . 51 15.61 and their proofs, we easily obtain 
many examples of T such that statement [3] in Theorem l2.19l or statement [3] in Theorem 12 . 2 1 1 holds . 




3 Tools 



To show the main results, we need some tools in this section. 
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3.1 Fundamental properties of rational semigroups 

Notation: For a rational semigroup G, we set E(G) := {z G C | tt(U g eG 9~ 1 ({ z })) < °°}- This is 
called the exceptional set of G. 

Notation: Let r > 0. For a subset A of C, we set B(A,r) := {z G C | o! s (z, A) < r}, where d a is 
the spherical distance. For a subset A of C, we set D(A, r) :~ {z G C | d e (z, ^4) < r}, where d e is 
the Euclidean distance. 

We use the following Lemma l3~Tl and Theorem 13. 21 in the proofs of the main results. 

Lemma 3.1 ( [T2l [TTJ [29l [27] ) • Let G be a rational semigroup. 

1. For each h G G, we have h(F(G)) C F(G) and h^ 1 (J(G)) C J{G). Note that we do not 
have that the equality holds in general. 

2. If G — (h 1 ,...,h m ), then J{G) = h^\j{G)) U •■■ U h^{J{G)). More generally, if G is 
generated by a compact subset T of Hat, then J(G) = U^er ^ (We call this property 
of the Julia set of a compactly generated rational semigroup "backward self- similarity. " ) 

3. 7/jj(7(G)) > 3 , then J(G) is a perfect set. 
I 7/B(J(G)) >3 , then %{E{G)) < 2. 

5. If a point z is not in E(G), then J(G) C U 9 gg 9 HI- 2 })- ^ n particular if a point z belongs 
to J{G)\E{G), then \J^=H{z}) = J(G). 

6. If (t(J(G)) > 3 , then J(G) is the smallest closed backward invariant set containing at 
least three points. Here we say that a set A is backward invariant under G if for each 
geG, g~ l {A) c A. 

Theorem 3.2 ( [12], HU [29] ) . Let G be a rational semigroup. 7/jj(J(G)) > 3, then 

J(G) = {z G C | 3 g G G, g(z) — z, \g'{z)\ > 1}, where the closure is taken in C. In particular, 

J{G) = {j geG J(g). 

Remark 3.3. If a rational semigroup G contains an element g with deg(g) > 2, then jj( J(g)) > 3, 
which implies that j}(J(G)) > 3. 

3.2 Fundamental properties of fibered rational maps 

Lemma 3.4. Let / :XxC->IxC be a rational skew product over g : X X. Then, we have 
the following. 

1. ([27, Lemma 2.4]) For each x G X, (f x ,i) (Jg(x)(f)) — 7 X (/). Furthermore, we have 
J x (f) 3 Jx(f)- Note that equality J x {f) = J x (f) does not hold in general. 

If g : X — > X is a surjective and open map, then f~ 1 (J(f)) = J(f) = /(7(/)), and for each 

xex ! (f x , 1 )-\j g(x) (f)) = j x (f). 

2. ^ |14L 127] ) If d(x) > 2 /or eac/i x G X, i/ien /or each x G X, J x {f) is a non-empty perfect set 
with tt(7a;(/)) > 3. Furthermore, the map x i— ► J x (f) is lower semicontinuous; i.e., for any 
point (x,y) £ X x <C with y € 7 X (/) a?ici sequence {x"}„ e N in -X" wii/i x n — > sc, t/iere 
exists a sequence {y n } n eN in C wra'tt G J^™ (/) /or eac/i n G N suc/i t/iat y n — > y. However, 
x t— ► Tj; (/) is not continuous with respect to the Hausdorff topology in general. 

3. If d(x) > 2 /or eoc/i X G X, £/ien ini xe xdiamsJ x {f) > 0, where diams denotes the diameter 
with respect to the spherical distance. 
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4- If f ■ X x C — > X x C is a polynomial skew product and d(x) > 2 for each x d X , then 
there exists a ball B around oo such that for each x G X , B C A x {f) C F x {f), and for each 
x G X , J x (f) — dK x (f) = dA x (f). Moreover, for each x G X , A x (f) is connected. 

5. If f : X x C — * X x C is a polynomial skew product and d(x) > 2 for each x G X , and if 
lu G X is a point such that mt(K w (f)) is a non-empty set, then int(if w (/)) = K u] {f) and 
d(mt(KM))) = Mf)- 

Proof. For the proof of statement [U see [23 Lemma 2.4]. For the proof of statement [21 see [T3] 
and [H]. 

By statement [21 it is easy to see that statement [3] holds. Moreover, it is easy to see that 
statement [4] holds. 

To show statement [5l let y G Ju>{f) be a point. Let V be an arbitrary neighborhood of y in C. 
Then, by the self-similarity of Julia sets (see [3]), there exists an n G N such that /uj,n(Vn Ju,(f)) = 
•/„»(<-)(/)• Since d(mt(K gn{u) (f))) C J gH ^(f) and (/^n)" 1 ^"^/)) = it follows that 

V n d(int(K u (f))) 7== 0. Hence, we obtain J u (f) = d(int(K LJ (f j). Therefore, we have proved 
statement [5j □ 

Lemma 3.5. Let f : T N x C —> T N x C be a skew product associated with a compact subset T of 
Rat. Let G be the rational semigroup generated by T. Suppose that t)(J(G)) > 3. Then, we have 
the following. 

1. n t (J(f)) = J{G). 

2. For each 7 = (71, 72, ■ ■ ■ , ) G T N , J 7 (/) = ft? =1 7^ • • • 7 ,~ 

Proof. First, we show statement[T] Since J 7 (/) C J(G) for each 7 G T, we have 7r^(J(/)) C J(G). 
By Theorem [321 we have J(G) = \J geG J(g)- Since U 9 eG ^(fl 1 ) c n t(J(f))> we obtain J(G) C 
7Tj.(J(/)). Therefore, we obtain n^(J(f)) = J(G). 

We now show statement [21 Let 7 = (71,72, ■ • ■) G T N . By statement [T] in Lemma T3.41 we see 
that for each 3 G N, 7r • • 7 i(^(/)) = 4i( 7 )(/) C J(G). Hence, J 7 (/) C f\°li 7i _1 ' ' ' lj\J(G))- 
Suppose that there exists a point (7,2/) G T N x C such that y G (f^jLili 1 ■ ■ ■J^ 1 (J(G))^j \ 

J 7 (/). Then, we have (7,?/) G (r N x C) \ J(f). Hence, there exists a neighborhood U of 7 in 
r N and a neighborhood V of y in C such that U x V C F(f). Then, there exists an n G N 
such that {p G T N | pj = = l,...,n} C U. Combining it with Lemma l3.4fl Tl we obtain 

F{f) D f n (U x V) D r N x {/ 7>n (y)}. Moreover, since we have / 7 ,„(y) G J(G) - n t {J(f)), where 
the last equality holds by statement [2 we get that there exists an element 7' G T N such that 
HJiAv)) G ^(/)- However, it contradicts (7', / 7 , n (z/)) G T N x {/ 7)Tl (y)} C Hence, we 

obtain J 7 (/) = 7i _1 • • • 7~ V(G)). □ 

Lemma 3.6. Let / :XxC^IxC fee a polynomial skew product over g : X — > X smc/i £/ia£ /or 
eac/i a; G X, g?(x) > 2. Then, the following are equivalent. 

1. 7rg(P(/)) \ {00} is bounded in C. 

For each x G X, J x (f) is connected. 

3. For each x G X, J x (f) is connected. 

Proof. First, we show [T] =4121 Suppose that [1] holds. Let R > be a number such that for each 
x G X, B := {y G C | \y\ > R] C and f x ,i(B) C B. Then, for each x G X, we have 

A x(f) = UnGNifx^'HB) and (fx^rHB) C (/^n+i)- 1 ^), for each n G N. Furthermore, since 
we assume [1] we see that for each n G N, (f x . n )^ 1 (B) is a simply connected domain, by the 
Riemann-Hurwitz formula. Hence, for each x G X, A x (f) is a simply connected domain. Since 
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dA x (f) — J x (f) for each x £ X, we conclude that for each x £ X, J x (f) is connected. Hence, we 
have shown [1] => [2] 

Next, we show [2] => [3] Suppose that [2] holds. Let z\ £ J x (f) and z 2 £ J x (f) be two points. 
Let {x"}„ e N be a sequence such that x n — > a; as n — > oo, and such that d(zi, J x n(/)) — > as 
n — * oo. We may assume that there exists a non-empty compact set K in C such that J x ™ (/) — > if 
asn-t oo, with respect to the Hausdorff topology in the space of non-empty compact sets in C. 
Since we assume^ K is connected. By Lemma EP1 I21 we have d(z2, Jx n (f)) — > as n — > oo. Hence, 
2, G if for each i = 1, 2. Therefore, zi and Z2 belong to the same connected component of J x {f). 
Thus, we have shown [2] => [3] 

Next, we show [3] [TJ Suppose that [3] holds. It is easy to see that A x (f) n J x (/) = for 
each x £ X. Hence, A x (f) is a connected component of C \ J x {f). Since we assume we have 
that for each x £ X, A x (f) is a simply connected domain. Since {f x s)~ 1 {A g ( x < j (f)) = A x (f), the 
Riemann-Hurwitz formula implies that for each x £ X, there exists no critical point of f Xt % in 
A x (f) H C. Therefore, we obtain [1] Thus, we have shown [3] => [U □ 

Corollary 3.7. Lei G= (hi,h2) £ Q. Then, h^ 1 (J(h 2 j) is connected. 

Proof. Let / : T N x C — > T N x C be the skew product associated with the family T = {hi, hi}- 
Let 7 = {hi,h 2 ,h 2 ,h 2 ,h 2 ,...) £ T n . Then, by Lemma OSIED we have J 7 (/) = h^ l {J{h 2 )). From 
Lemma [3^61 it follows that hi l {J(h 2 )) is connected. □ 

Lemma 3.8. Let G be a polynomial semigroup generated by a compact subset T o/Polydeg>2- Let 
f : r N x C — > r N x C 6e i/ie sfcew product associated with the family T. Suppose that G £ Q . Then 
for each 7 = (71,72, ■■■,)£ T N , the sets J 7 (/), L 7 (/), and Hjli 7r ' ' ' 7j~ are connected. 

Proof. From Lemma [331 121 and Lemma [3~6l the lemma follows. □ 

Lemma 3.9. Under the same assumption as that in Lemma \ 3.8\ let 7, p £ T N be two elements 
with J 7 (/) n J„(/) = 0. Then, either J 7 (/) < J„(/) or J p {f) < J 7 (/). 

Proo/. Let 7, p € T N with J 7 (/) n J P (/) = 0. Suppose that the statement "either J 7 (/) < J P {f) 
or J p {f) < J 7 (/)" is not true. Then, Lemma 13.61 implies that J 7 (/) is included in the unbounded 
component of C \ J P (f), and that J P {f) is included in the unbounded component of C \ J 1 {f). 
From Lemma T3.4I I41 it follows that K p (f) is included in the unbounded component A^(f) \ {00} 
of C \ J 7 (/). However, it causes a contradiction, since 7^ P*(GQ C iv(G) C K p (f) H K 1 (f). □ 

Definition 3.10. Let / : r N x C -> T M x C be a polynomial skew product over g : X — > X. Let 
p G C and e > 0. We set 

^f,P,e '■= {ce : L>(p, e) — > C | a is a well-defined branch of (fx^) -1 ,x £ X, n £ N}. 

Lemma 3.11. Let f : T N x C — > T N x C &e a polynomial skew product over g : X — > X smc/j £/iat 
/or eac/i X G X, d(x) > 2. Let i? > 0, e > 0, and 

f := {a o /? : D(0, 1) C | /? : D(0, 1) = D(p,e), a : D(p, e) -> C, ct G ^>, P)£ , p G D(0,i?)}. 
Then, T is normal in D(0, 1). 

Proof. Since d(x) > 2 for each x G X, there exists a ball L? around 00 with B C C\D(0, i?+e) such 
that for each x £ X, f x ,i(B) C B. Let p G D(0, i?). Then, for each a £ Tf, v ,^ a(D(p, e)) C C \ L?. 
Hence, T is normal in D(0, 1). □ 

Definition 3.12. For a polynomial semigroup G with 00 G F(G), we denote by F OQ (G) the 
connected component of F(G) containing 00. Moreover, for a polynomial g with deg(g) > 2, we set 
Foo(g) '■= Foo((g)). (Note that if T is a non-empty compact subset of Polyd cg >2, then 00 £ F((T)).) 

Lemma 3.13. Let G be a polynomial semigroup generated by a compact subset T o/Polydeg>2- If 
a sequence {g n }neK of elements of G tends to a constant wq £ C locally uniformly on a domain 
V C C, then wq £ P(G). 
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Proof. Since oo G P(G), we may assume that w € C. Suppose io £C \ P(G). Then, there exists 
a S > such that B(wo, 25) C C \ P(G). Let zo € be a point. Then, for each large neN, there 
exists a well-defined branch a n of g^ 1 on B(wq,25) such that a n (g n (zq)) = ^o- Let P := B(wq, 5). 
Since T is compact, there exists a connected component Foo(G) of P(G) containing oo. Let C be 
a compact neighborhood of oo in Poo(G). Then, we must have that there exists a number no such 
that a n (B) n G = for each n > no, since <?„ — > oo uniformly on C as n — > oo, which follows 
from that deg(g„) — > oo and local degree at oo of g n tends to oo as n — > oo. Hence, {a n \B} n >n is 
normal in B. However, for a small e so that B(zq, 2e) C V, we have g n (B(zo, e)) — > wq as n — > oo, 
and this is a contradiction. Hence, we must have that wq S P(G). □ 

4 Proofs of the main results 

In this section, we demonstrate the main results. 
We first need the following. 

Theorem 4.1. (Uniform fiberwise quasiconformal surgery,) Let / :IxC->IxCfca 
polynomial skew product over g : X — > X such that for each x £ X , d(x) > 2. Suppose that f 
is hyperbolic and that 7Tg(P(/)) \ {oo} is bounded in C. Moreover, suppose that for each x £ X , 
int^^/)) is connected. Then, there exists a constant K such that for each x £ X, J x (f) is a 
K-quasicircle. 

Proof. Step 1: By [STJ Theorem 2.14-(4)], the map x i— > J x (f) is continuous with respect to 
the Hausdorff topology. Hence, there exists a positive constant C% such that, for each x £ 
X, ini{d(a,b) | a £ J*(f), b £ ^({x}) n P*(/)} > d, where P*(f) := P(/) \ ^({oo}), 

and d(-,-) denotes the spherical distance, under the canonical identification ir~ 1 ({x}) = C. More- 
over, from the assumption, we have that, for each x £ X, mt{K x {f)) ^ 0. Since X is compact, it 
follows that, for each x £ X, there exists an analytic Jordan curve ( x in K x {f) n F x (f) such that: 

1. 7r _1 ({a:}) n P*(f) is included in the bounded component V x of n~ 1 ({x}) \ ( x ; 

2. mf z< z^ d(z, J x (f) U (7r _1 ({a;}) n P*(/))) > G2, where G2 is a positive constant independent 
of x £ X; and 

3. there exist finitely many Jordan curves £1, . .. in C such that for each x £ X, there exists 
a j with 7Tg(Cx) = tj- 

Step 2: By [301 Corollary 2.7], there exists an n £ N such that for each a; 6 X, W x := 
(/"^(Vm) 3 mf{d(a,6) | a G dW x ,6 G dV^z G X} > 0, and mod (W s \ TQ > G 3 , 
where G3 is a positive constant independent of a; 6 I. In order to prove the theorem, since 
J x (f n ) = J x (f) for each x £ X, replacing / :IxC-tIxCby/":IxC-tIxC,we may 
assume n = 1. 

Step 3: For each x £ X , let ip x : 7r _1 ({:r}) \ V x — ► 7r _1 ({a;}) \ D(0, ^) be a biholomorphic 
map such that ip x (x,oo) — (x,oo), under the canonical identification n~ ({x}) = C. We see 
that ip x extends analytically over dV x = £ x . For each x £ X, we define a quasi-regular map 
h x : tt~ 1 ({x}) = C — > ir~ 1 ({g(x)}) = C as follows: 

fx^P x 1 (z), if z £ ip x (n 1 ({x})\W x ), 

Mz), if z G f x (W x \ Vx), 

where /i^ : (p x (W x \ V x ) — > D(0, |) \ £>(0, is a regular covering and a fsT -quasiregular map 

with dilatation constant Kq independent of x £ X. 
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Step 4: For each x £ X, we define a Beltrami differential fi x (z)^ on it 1 ({x}) = C as follows: 



§, ifze Vx (W x \V x ), 



(V- i (x) • • • M*(f£^f ), if * e (V-m-) • • • M _1 (^(*)0V(») \ Vw)). 

0, otherwise. 



Then, there exists a constant fc with < k < 1 such that for each x £ X, ||/i T ||oo < k. By the 
construction, we have h*(fi g r x \^r) = fJ-x^r > f° r each x € X. By the measurable Riemann mapping 
theorem ( |151 page 194]), for each x £ X, there exists a quasiconformal map i/j x : 7r~ 1 ({a;}) — ► 
7T ({&}) such that d^ipx = H x d z ip x , V'x(O) = 0, ^x(l) = L, and ip x (oo) = oo, under the canonical 
identification 7T _1 ({x}) = C. For each x £ X, let h x := "4 , g(x)hx'4'x 1 : ^ ^{^D ~~ ¥ K~ l ({g(x)}). 
Then, h x is holomorphic on n~ 1 ({x}). By the construction, we see that h x (z) = c{x)z d ^ x \ where 
c(x) = ip g ( x )h x ip~ x (l) = ip g ( x )h x (l). Moreover, by the construction again, we see that there exists 
a positive constant C4 such that for each x £ X, ^- < |/i x (l)| < C4. Furthermore, [15l Theorem 
5.1 in page 73] implies that under the canonical identification 7r _1 ({x}) = C, the family {ip~ 1 } xe x 
is normal in C. Therefore, it follows that there exists a positive constant C5 such that for each 
x £ X, jjj- < |c(x) I < C5. Let be the set of non-normality of the sequence {h g m( x ) ■ ■ ■ h x } m& ^ 

in 7r _1 ({x}) = C. Since h x (z) — c{x)z d ^ and ^ < |c(x)| < C5 for each x £ X, we get that for 
each x £ X, J x is a round circle. Moreover, [151 Theorem 5.1 in page 73] implies that {tpx}xex 
and {4>~ 1 } X £x are normal in C (under the canonical identification 7r _1 ({x}) = C). Combining it 
with [SHI Corollary 2.7], we see that for each x £ X, J x (f) — ip^ 1 ^^ 1 ^^), and it follows that 
there exists a constant K such that for each x £ X, J x (f) is a if-quasicircle. 

Thus, we have proved Theorem 14. II □ 

Remark 4.2. Theorem 14.11 generalizes a result in [El THEOREME 5.2], where O. Sester inves- 
tigated hyperbolic polynomial skew products f: XxC^XxC such that for each x £ X, 
d{x) = 2. 

We next need the notion of (fiberwise) external rays. 

Definition 4.3. Let h be a polynomial with deg(h) > 2. Suppose that J(h) is connected. Let if> 
be a biholomorphic map C \ D(0, 1) — » Foo(h) with ip(oo) = 00 such that oho ip(z) — z deg ( h > , 
for each z £ C \ D(0, 1). (For the existence of the biholomorphic map ip, see [16l Theorem 9.5].) 
For each 9 £ dD(0, 1), we set T(9) := ^?({r0 | 1 < r < 00}). This is called the external ray (for 
K(h)) with angle 9. 

Lemma 4.4. Let / :XxC^lxC be a polynomial skew product over g : X — > X such that 
for each x £ X, d(x) > 2. Let 7 £ X be a point. Suppose that Jy(f) is a Jordan curve. Then, for 
each n £ N, J g n(~\(f) is a Jordan curve. Moreover, for each n £ N, there exists no critical value 
of f~f, n in J ff „( 7) (/). 

Proof. Since (/ 7 ,i) -1 (-ftT s ( 7 )(/)) = K 1 {f), it follows that int(_f£T a ( 7 )(/)) is a non-empty connected 
set. Moreover, J g (j)(f) — / 7 ,i(</ 7 (/)) is locally connected. Furthermore, by Lemma ROB ! and 
Lemma [3T41 I51 9(int(K ff ( 7 )(/))) = d(A g ^){f)) — J s ( 7 )(/). Combining the above arguments and 
[181 Lemma 5.1], we get that J s ( 7 )(/) is a Jordan curve. Inductively, we conclude that for each 
neN, Jg n (-y)(f) is a Jordan curve. 

Furthermore, applying the Riemann-Hurwitz formula to the map / 7i „ : int(_fC 7 (/)) — > Lnt(-Kgn( 7 )(/)), 
we obtain 1 + p = deg(/ 7j „), where p denotes the cardinality of the critical points of / 7 ,„ : 
int(if 7 (/)) — > int(if 9 n( 7 )(/)) counting multiplicities. Hence, p = dcg(/ 7i „) — 1. It implies that 
there exists no critical value of / 7i „ in J g nr^\(f). □ 

The following is the key lemma to prove the main results. 
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Lemma 4.5. Let / :IxC-»IxC be a polynomial skew product over g : X — > X such that for 
each x £ X , d{x) > 2. Let p > be a number. Then, there exists a number 5 > such that the 
following statement holds. 

• Let uj £ X be any element and p £ Ju{f) & n D point with min{|p — b\ | (w, b) £ P{f), b £ C} > 
ji. Suppose that J u (f) is connected. Let ip : C \ D(0, 1) — * A u (f) be a biholomorphic map 
with tp(oo) = oo. For each 9 £ dD(0, 1), let T(9) = ip({r9 | 1 < r < oo}). Suppose that there 
exist two elements 61,82 £ dD(0, 1) with 9\ ^ 2 such that, for each i — 1,2, T(9i) lands at 
p. Moreover, suppose that a connected component V of<C\ (T(8i) UT(0 2 ) U{p}) satisfies that 
diam (V PI K^if)) < 5. Furthermore, let 7 £ X be any element and suppose that there exists 
a sequence {n^}^^ of positive integers such that g nk ( r y) — > u> as k — > 00. Then, J 1 (f) is not 
a quasicircle. 

Proof. Let /1 > 0. Let R> with 7Tg(J(/)) C D(0,R). Combining Lemma T3. Ill and Lemma T3. 41 - 
[31 we see that there exists a (5o > with < 5o < ^ min{inf xe x diam J x (f),n} such that the 
following statement holds: 

• Let x £ X be any point and n £ N any element. Let p £ Z?(0, R) be any point with 
min{|p — b\ | (g n (x), b) £ P(f),b £ C} > Let (f> : D(p, p) — > C be any well-defined branch 
of (fx,n)~ l on D(p,fi). Let A be any subset of Z?(p, 77) with diam A < 8q. Then, 

diam <fi(A) < — inf diam J x (f). (1) 
10 iei 



We set 8 := ^<5 . Let w £ X and p G J u (f) with min{|p - i>| | (w, 6) G P(f),b e C} > /1. Suppose 
that J w (/) is connected and let ?/> : C\ D(0, 1) — > -A w (/) be a biholomorphic map with ip(oo) — 00. 
Setting T(8) := ip({r6 | 1 < r < 00}) for each 9 £ dD(0, 1), suppose that there exist two elements 
0i, 82 £ dD(0, 1) with 8\ ^ 82 such that for each i = 1, 2, T(0,) lands at p. Moreover, suppose that 
a connected component V of C \ (T(0i) U T(0 2 ) U {p}) satisfies that 

diam(V OK^f )) < 6. (2) 

Furthermore, let 7 G X and suppose that there exists a sequence {nk}keN of positive integers such 
that g nk ("f) — > w as fc — > 00. We now suppose that J 7 (/) is a quasicircle, and we will deduce a 
contradiction. Since g nk (j) — > lu as fc — + 00, we obtain 

max{d e (6, K u (f)) \ b £ J g ™ fc ( 7 )(/)} -* as fc -> 00. (3) 

We take a point a £ V n and fix it. By Lemma T3.4I I21 there exists a number fco G N such 

that for each fc > fco, there exists a point satisfying that 

y t e^ H (/)n%^). (4) 

Let V be the connected component of C\ (T(0 X ) UT(0 2 ) U {p}) with V" 7^ V. Then, by [H Lemma 
17.5], 

P'nJ w (/)^0. (5) 

Combining |5} and Lemma [3^41 121 we see that there exists a k%(> fco) G N such that for each k > k%, 

V'n J g n fe(7) (/)^0. (6) 

By assumption and Lemma 14.41 for each k > fci, J g n k(-y){f) is a Jordan curve. Combining it with 
(]4]) and ([6]), there exists a fc 2 (> fci) G N satisfying that for each fc > fc 2 , there exists a smallest 
closed subarc & of J g n k{l) {f) S S 1 such that y fc G &, Cfc C F, n (T(0 X ) U T(0 2 ) U {p})) = 2, 
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and such that ^ Jg n k( 1 ){f)- For each k > k%, let y^i and yt,2 be the two points such that 
{lfc,i,Mfe,2} = 6 H (T(fli) U T(0 2 ) U M). Then, © implies that ' 

Vk,i -> p as fc -> oo, for each i = 1, 2. (7) 

Combining that ^ C VU {2/fc,i, 2/fc,2}> ©, and ([2]), we get that there exists a k^(> fe) € N such 
that for each k > k$, 

diam6<y- (8) 

Moreover, combining (01 and Q, we see that there exists a constant C > such that for each 
k G N with fc > k 3 , 

diam £ fe > C. (9) 

Combining (JTJ) , (JHJ) , and ([9|), we may assume that there exists a constant C > such that for each 
k gN, 

C < diam a < Y and £ fe C D(p, <S ). (10) 

By Lemma POl each connected component v of (/■ 1 ,n k )~ 1 {£,k) is a subarc of J 7 (/) = S 1 and 
/7.n fc : V — > £fc is a homeomorphism. For each A; G N, let A& be a connected component of 
(/7,"fc) _1 (Cfe); and let Zk,i,Zk,2 G A& be the two endpoints of Afc such that fy,n k {zk,i) = 2/M and 
fy,n k ( z k,2) = Uk,2- Then, combining ^ and (fTQ| . we obtain 

diamAfc < diam (J T (/) \ Afc), for each large fc G N. (11) 

Moreover, combining 0, (dHJ), and Koebe distortion theorem, it follows that 

diam A& 



\zk,i - Zk,2\ 



as k — > oo. (12) 



Combining (| 1 1 1) and (H2), we conclude that J 7 (/) cannot be a quasicircle, since we have the 
following well-known fact: 

Fact r |15L Chapter 2]): Let £ be a Jordan curve in C. Then, £ is a quasicircle if and only if there 
exists a constant K > such that for each Z\,z% G £ with zi ^ Z2, we have ~^Tf~^r^ < ^> 
where A (21,22) denotes the smallest closed subarc of £ such that Zi,Z2 € A (21,22) and such that 
diam A(zi,z 2 ) < diam (£ \ A(zi, z 2 )). 

Hence, we have proved Lemma T4. 5 1 □ 



We now give some sufficient conditions for a fiberwise Julia set to be a Jordan curve. 

Proposition 4.6. Let / :XxC->XxC be a semi-hyperbolic polynomial skew product over 
g : X — > X. Suppose that for each x G X , d(x) > 2, and that 7r^(P(/)) n C is bounded in C. Let 
w G J be a point. If mt(K w (f)) is a non-empty connected set, then J u (f) is a Jordan curve. 

Proof. By (501 Theorem 1.12] and Lemma [3.61 we get that the unbounded component A ul (f) of 
F u (f) is a John domain. Combining it, that A u {f) is simply connected (cf. Lemma I3.6[) , and 
[171 page 26], we see that J u {f) = d(A u (f)) (cf. Lemma [3T4]) is locally connected. Moreover, 
by Lemma l3T4l l5l we have d(mt(K u (f))) = J u {f)- Hence, we see that C \ J u {f) has exactly two 
connected components A 7 (f) and int(K u (f)), and that J w (/) is locally connected. From [18l 
Lemma 5.1], it follows that J 7 (/) is a Jordan curve. Thus, we have proved Proposition ^. 61 □ 



Lemma 4.7. Let Y be a compact set in Polydeg>2- Let / : r N x C -* x C be the skew product 
associated with the family Y. Let G be the polynomial semigroup generated by Y. Suppose that G G Q 
and that G is semi-hyperbolic. Moreover, suppose that there exist two elements a, (3 G T N such that 
Jp(f) < J a (f). Let 7 G r N and suppose that there exists a strictly increasing sequence {nk}k^n of 
positive integers such that a nk {^) — > a as k — > 00. Then, J 7 (/) is a Jordan curve. 
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Proof. Since G is semi-hyperbolic, (27] Theorem 2.14-(4)] implies that 

J ^k(j)(f) -> Ja(/) as fc -> oo, (13) 

with respect to the Hausdorff topology in the space of non-empty compact subsets of C. Combining 
it with Lemma 13.91 we see that there exists a number fco £ N such that for each fc > fco, 

J p (f) < J a n k[l) {f). (14) 

We will show the following claim. 
Claim: int(iif^(/)) is connected. 

To show this claim, suppose that there exist two distinct components U\ and 1]% of int(X 7 (/)). 
Let yi S Ui be a point, for each i — 1,2. Let e > be a number such that D{Kp(f), e) is included in 
a connected component U of int(if a (/)). Then, combining 27, Theorem 2.14-(5)] and Lemma[3lT3j 
we get that there exists a number k\ £ N with fci > fco such that for each fc > k\ and each i = 1,2, 

/Wi/i) e D{P*(G),e) C D(K p (f),e) C C7. (15) 

Combining ([15]) . ([13]) and (fT4]) , we get that there exists a number &2 € N with fc 2 > fci such that 
for each fc > fe, 

/ 7> ^(^) = /7,n,(f/2)=V fe , (16) 

where T4 denotes the connected component of mt^t^f/)) containing Jp{f). From (fl"4]) and 
fig]), it follows that 

(&,n k )- X (Mf)) C int(if 7 (/)) and (f^n^iMf)) nU i ^${i = 1,2), (17) 
which implies that 

(ff,n k )~ 1 (Jp(f)) is disconnected. (18) 
For each fc > fc 2 , let w fc := (71, . . . , 7„ fc , 0x,(fa, ■ ■ ■) G T N . Then for each k > k 2 , 

U 1 ,n k r 1 {MS)) = JM. (19) 

Since G £ Q, combining ([18]), (jT9|) and Lemma T3 . 61 yields a contradiction. Hence, we have proved 
the claim. 

From the above claim and Proposition ^. 6] it follows that J 7 (/) is a Jordan curve. □ 

We now investigate the situation that there exists a fiberwise Julia set which is a quasicircle 
and there exists another fiberwise Julia set which is not a Jordan curve. 

Lemma 4.8. Let T be a non-empty compact subset of Polyd Gg >2- Let f : T N x C — > T N x C be 
the skew product associated with the family T of polynomials. Let G be the polynomial semigroup 
generated by T. Let a,p £ T N be two elements. Suppose that G £ Q, that G is semi-hyperbolic, that 
a is a periodic point of a : T N — * T N , that J a (f) is a quasicircle, and that J p (f) is not a Jordan 
curve. Then, for each e > 0, there exist tieN and two elements 61,62 £ dD(0, 1) with 6\ ^ 62 
satisfying all of the following. 

1. Let uj = (cti, . . . ,ct n , p\, p2, ■ ■ .) £ r N and let ip : C\D(0, 1) = A UJ (f) be a biholomorphic map 
with -0(oo) = 00. Moreover, for each i = 1,2, let T(6i) := tp({r6i \ 1 < r < 00}). Then, there 
exists a point p £ J u (f) such that for each i = 1,2, T{6i) lands at p. 

2. Let V\ and V2 be the two connected components o/C \ (T(6\) U T{62) U {p}). Then, for each 
i = 1,2, ViD Juj{f) 7^ 0- Moreover, there exists an i £ {1, 2} such that diam [Vi HK^^f)) < e, 
and such that Vi n J u {f) C D(J a (f),e). 
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Proof. For each 7 G T N , let i/j 7 ; C \ -D(0, 1) = Ay(/) be a biholomorphic map with -0 7 (oo) = 00. 
Moreover, for each 8 G dD(0, 1), let T 7 (#) := ?/; 7 ({r# | 1 < r < 00}). Since G is semi-hyperbolic, 
combining [30l Theorem 1.12], Lemma [3^61 and \F?\ page 26], we see that for each 7 G T N , J 7 (/) 
is locally connected. Hence, for each 7 g r N , -0 7 extends continuously over C \ -D(0, 1) such that 
4> 1 (dD(Q, 1)) = J 7 (/). Moreover, since G G Q, it is easy to see that for each 7 S T N , there exists a 
number a 7 S C with |a 7 | = 1 such that for each z G C\Z3(0, 1), we have VV( 7 )° / 7j io^ 7 (z) = a 7 z d ^ 7 '. 

Let m 6 N be an integer such that o~ m (a) = a and let h :— a m o — o a\. Moreover, for each 
11 £ M, we set w" := (ct%, . . . , a m „, pi, p 2 , ■ ■ •) G T N . Then, — > a in T N as n — > 00. Combining it 
with [571 Theorem 2.14-(4)], we obtain 

J u » (/)->./«(/) as n-K», (20) 

with respect to the Hausdorff topology. Let £ be a Jordan curve in mt(K(h)) such that P*((h)) is 
included in the bounded component B of C\ £. By (|2"0)l . there exists a fc G N such that J u k(f) fl 
(£ U £?) = 0. We now show the following claim. 
Claim 1: £ C int(iO (/)). 

To show this claim, suppose that £ is included in A u k (/) = C \ (K^k (/)). Then, it implies that 
fbj k u — *■ 00 on P* ((h)) as 11 -> 00. However, this is a contradiction, since G £ Q. Hence, we have 
shown Claim 1. 

By Claim 1, we see that P*((h)) is included in a bounded component Bo of int(i^^fc (/)). We 
now show the following claim. 
Claim 2: J UJ k(f) is not a Jordan curve. 

To show this claim, suppose that J^k (/) is a Jordan curve. Then, Lemma 14.41 implies that 
J p (/) is a Jordan curve. However, this is a contradiction. Hence, we have shown Claim 2. 

By Claim 2, there exist two distinct elements ti,t% G dD(0, 1) and a point po G J^k(f) such 
that for each i = 1,2, T^k^i) lands at the point po. Let Wo be the connected component of 
C \ (T^kfti) U T^kfa) U {po}) such that Wq does not contain B . Then, we have 

^nP*((/!)) = 0. (21) 

For each j G N, we take a connected component Wj of (W)~ 1 (Wq). Then, h? : Wj — » Wo is 
biholomorphic. We set Q :— (h^w^ 1 on Wo. By (|2"T1) . there exists a number i? > and a 
number a > such that for each j, Q is analytically continued to a univalent function Q : 
B(W nD(0,R), a) -> C and Wj n (J w *+j (/)) G G(W n 13(0, iZ)). Hence, we obtain 

diam (Wj n X^k+j (/)) = diam (Wj n J w k+ 3 (/)) -> as j -> 00. (22) 

Combining (j2"0|) and (|22[) . there exists an s G N such that diam (W s H K u k+,(f)) < e, and such 
that W s n C D(J a (f),e). 

Each connected component of (cW s ) H C is a connected component of 
(h s )- 1 ((T UJ k(t 1 )(JT u k(t 2 )(J{pQ})n£), and there are some u±, . . . ,u v G 913(0,1) such that dW s = 
|J" =1 T^fc+s (tii). Hence, W s is a Jordan domain. Therefore, h s : W s — > Wo is a homeomorphism. 
Thus, /i s : (9W S ) n C — > (0Wo) n C is a homeomorphism. Hence, (<9W S ) n C is connected. It 
follows that there exist two elements 61,62 G 313(0,1) with 8\ ^ 62 and a point p G J u k +^(f) 
such that 9W S = T^k+s^i) U T u) k+ S (6 2 ) U {p}, and such that for each i = 1,2, T (jJ k+ s (6 i ) lands 
at the point p. By the argument of [X 61 Lemma 17.5], each of two connected components of 
C \ (T w »+.(0i) U 7> +s ((92) U {p}) intersects J LJ k +s (f). 

Hence, we have proved Lemma 14.81 □ 

Lemma 4.9. Let V be a non-empty compact subset of Polyd C g> 2 . Let f : T N x C — > T N x C be 
the skew product associated with the family T of polynomials. Let G be the polynomial semigroup 
generated by Y. Let a,(3,p£ T N be three elements. Suppose that G G Q, that G is semi- hyperbolic, 
that a is a periodic point of a : T N — ► T N , that Jp(f) < J a (f), and that J P (f) is not a Jordan 
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curve. Then, there exists an n £ N such that setting oj := (aj., . . . , a n , pi, P2, ■ • •) € T N and 
U := {7 £ T N I BlmjjjgN, 3{rifc}fe 6 N, c mj (7) — > a, cr" fc (7) — > cj}, we /iaue £/ia£ /or eac/i 7 € U, 
J 7 (/) is a Jordan curve but not a quasicircle, A 1 i y f) is a John domain, and the bounded component 
C/ 7 of -F 7 (/) is not a John domain. 

Proof. Let p £ N be a number such that a p (a) = a and let u := a p o • • • o a\ . We show the following 
claim. 

Claim 1: J (it) is a quasicircle. 

To show this claim, by assumption, we have Jp(f) < J(u). Let £ := (ai, . . . , a p , Pi, fa, ■ ■ •) £ 
T N . Then, we have (/) = u" 1 {J ^{f)) . Moreover, since G £ 5, we have that J^(/) is connected. 
Hence, it follows that u~ 1 (J / 3(f)) is connected. Let U be a connected component of int(i^(w)) con- 
taining Jp(f) and V a connected component of in^J^u)) containing u~ 1 (Jp(f)). By Lemma 13.91 
it must hold that U = V. Therefore, we obtain = U. Thus, u\t{K{u)) — U. Since G is 

semi- hyperbolic, it follows that J(u) is a quasicircle. Hence, we have proved Claim 1. 

Let fi := imin{|6- c| | 6 e J a (/),c G P*(G)}. Since J (f) < J a (f), we have P*{G) C 
Kp(f). Hence, /i > 0. Applying Lemma 14.51 to the above (f,n), let S be the number in the 
statement of Lemma 14.51 We set e := min{o~, /i}(> 0). Applying Lemma 14.81 to the above 
(T, a, p, e), let (n, 61,62, w) be the element in the statement of Lemma l4~8l We set U := {7 € 
L N I 3{mj}j £ N, 3{nfc}fc e N, 0" mj (7) — > a, cr" fc (7) — * cj}. Then, combining the statement Lemma 1431 
and that of Lemma [4.81 it follows that for any 7 £ W, J-y(f) is not a quasicircle. Moreover, by 
Lemma 14.71 we see that for any 7 £ J 7 (/) is a Jordan curve. Furthermore, combining the above 
argument, [30l Theorem 1.12], Lemma [3T6l and [T71 Theorem 9.3], we see that for any 7 S U, A 1 {f) 
is a John domain, and the bounded component U 7 of F 1 (f) is not a John domain. Therefore, we 
have proved Lemma l4~9l □ 

We now demonstrate Theorem 12. 191 
Proof of Theorem 12.191 We suppose the assumption of Theorem l2.191 We will consider several 
cases. First, we show the following claim. 

Claim 1: If J-y(f) is a Jordan curve for each 7 £ T N , then statement Q] in Theorem 12. 191 holds. 

To show this claim, Lemma l4~4l implies that for each 7 £ X, any critical point v £ tt -1 ({7}) of 
/ 7 : 7r _1 ({7}) — > 7t~ 1 ({o"(7)}) (under the canonical identification 7r _1 ({7}) = 7r _1 ({o"(7)}) — C) 
belongs to Ff(f). Moreover, by [23 Theorem 2.14-(2)], J(f) = U 7e r» J7 (/)- Hence, it follows 
that C(f) C F(f). Therefore, C(f) is a compact subset of F(f). Since / is semi-hyperbolic, [27] 
Theorem 2.14-(5)] implies that P(f) = [j neN /"(C(/)) C Hence, / : T N x C -> T N x C 

is hyperbolic. Combining it with Remark 12.121 we conclude that G is hyperbolic. Moreover, 
Theorem 14.11 implies that there exists a constant K > 1 such that for each 7 S T N , J 7 (/) is a 
fT-quasicircle. Hence, we have proved Claim 1. 

Next, we will show the following claim. 
Claim 2: If J a {f) n Jp(f) ^ for each (a,/3) £ T N x T N , then J(G) is arcwise connected. 

To show this claim, since G is semi-hyperbolic, combining [301 Theorem 1.12], Lemma l3.6[ and 
[T71 page 26], we get that for each 7 £ r N , A 7 (/) is a John domain and J 7 (/) is locally connected. 
In particular, for each 7 £ T N , 

J 7 (/) is arcwise connected. (23) 
Moreover, by [57[ Theorem 2.14-(2)], we have 

•Hf) - (J J7 (/)- ( 24 ) 

7S r H 

Combining ([2^1 . ([2^)) and Lemma [3TM T1 we conclude that J(G) is arcwise connected. Hence, we 
have proved Claim 2. 

Next, we will show the following claim. 
Claim 3: If J a (f) n Jp(f) ^ for each (a,/3) £ T N x T N , and if there exists an element p £ T N 
such that J p (f) is not a Jordan curve, then statement [3] in Theorem 12.191 holds . 
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To show this claim, let V := {J ne ^{o' n )^ 1 {{p})- Then, V is a dense subset of T N . From 
Lemma 14.41 it follows that for each 7 G V, J 7 (/) is not a Jordan curve. Combining this re- 
sult with Claim 2, we conclude that statement [3] in Theorem 12.191 holds. Hence, we have proved 
Claim 3. 

We now show the following claim. 
Claim 4: If there exist two elements a, (3 S T N such that J a (f) H Jp(f) = 0, and if there exists an 
element p G T N such that J p (f) is not a Jordan curve, then statement [2] in Theorem 12.191 holds . 

To show this claim, using Lemma GLU We may assume that Jp{f) < J a {f). Combining this, 
Lemma 13791 [27| Theorem 2.14-(4)], and that the set of all periodic points of a in T N is dense in T N , 
we may assume further that a is a periodic point of a. Applying Lemma [4.9l to (T, a, (3, p) above, let 
11 G N be the element in the statement of Lemma 14.91 and we set u> — (a±, . . . , a n , p\, P2, ■ ■ ■) G T N 
and U := {7 G T N | 3(m 3 ), 3(n k ), a m i (7) -> a, a nk (7) -> u}. Then, by the statement of Lemma|4~9l 
we have that for each 7 G hi, Jj(f) is a Jordan curve but not a quasicircle, Ay(/) is a John domain, 
and the bounded component U 1 of F y (f) is not a John domain. Moreover, U is residual in T N , and 
for any Borel probability measure r on Polyd g>2 with T T = T, we have f(U) — 1. Furthermore, let 
V := UnGN( (T ™) _1 ({p}) ■ Then, V is a dense subset of T N , and the argument in the proof of Claim 
3 implies that for each 7 G V, J 7 (/) is not a Jordan curve. Hence, we have proved Claim 4. 

Combining Claims 1,2,3 and 4, Theorem 1 2 . 1 91 follows . □ 

We now demonstrate Corollary 12. 201 
Proof of Corollary [2720] : From Theorem [2711 Corollary [TM immediately follows. □ 

To demonstrate Theorem 12.211 we need several lemmas. 
Notation: For a subset A of C, we denote by C(A) the set of all connected components of A. 

Lemma 4.10. Let / :IxC->IxCfca polynomial skew product over g : X — > X such 
that for each x G X, d[x) > 2. Let a G X be a point. Suppose that 2 < jj (C(hit{K a (/)))) < 00. 
Then, jj (C(int(K g r a >) (/)))) < jj {C(iak(K a (/)))) • In particular, there exists an n G N such that 
int(i^ s »( a )(/)) is a non-empty connected set. 

Proof. Suppose that 2 < $(C(mt{K g{a) (/)))) = ${C(mt{K a (/)))) < 00. We will deduce a con- 
tradiction. Let {Vj} r j=1 = C(mt(K a (f))), where 2 < r = jt(C(mt(if Q (/)))) < 00. Then, by the 
assumption above, we have that C(int(JC g ( a )(/))) = {/a,i(^j)}i=i- For each j = 1, . . . , r, let 
be the number of critical points of f a .\ : Vj —* f a .i(Vj) counting multiplicities. Then, by the 
Ricmann-Hurwitz formula, we have that for each j = 1, . . . ,r, x(Vj) + Pj = dx{fa,i(Vj)), where 
x(-) denotes the Euler number and d := deg(/ Qj i). Since x(Vj) = x(fa,i(Vj)) = 1 for each j, we 
obtain r + Y)j—i Pi = r d. Since Y]j—i P-i < d — 1, it follows that rd — r < d — 1. Therefore, we 
obtain r < 1, which is a contradiction. Thus, we have proved Lemma [4.101 □ 

Lemma 4.11. Let / :IxC->I xC be a polynomial skew product over g : X —> X such that 
for each x G X, d{x) > 2. Let lu X be a point. Suppose that f is hyperbolic, that ir^(P(f)) DC is 
bounded in C, and that mt^K^^f)) is not connected. Then, there exist infinitely many connected 
components of int(ii' w (/)). 

Proof. Suppose that 2 < ji (C (int (7^^ (/)))) < 00. Then, by Lemma POD] there exists an n G N 
such that int(-KgT.( w )(/)) is connected. We set U := mt(K gn ^)(f))- Let {Vj-}J =1 be the set of all 
connected components of (/ w , n ) _1 (^)- Since int(iC a ,(/)) is not connected, we have r > 2. For each 
j = 1, . . . ,r, we set dj :— deg(/ WjTl : Vj — * U). Moreover, we denote by pj the number of critical 
points of f u>n : Vj —* U counting multiplicities. Then, by the Riemann-Hurwitz formula, we see 
that for each j — 1, . . . , r, x{Vj) + Pj = djx{U). Since x(Vj) — x{U) = 1 for each j = 1, . . . , r, it 
follows that 

r 
3=1 
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where d := deg(/ tl))n ). Since / is hyperbolic and 7rg(P(/))DC is bounded in C, we have Y?j=iPj = 
rf — 1. Combining it with (|25|) . we obtain r = 1, which is a contradiction. Hence, we have proved 
Lemma |4~TT1 □ 

Lemma 4.12. Let / :XxC->XxC be a polynomial skew product over g : X — > X. Let a G X &e 
an element. Suppose that 7rg(P(/)) DC is bounded in C, that f is hyperbolic, and that int(K a (f))) 
is connected. Then, there exists a neighborhood Uq of a in X satisfying the following. 

• Let 7 G X and suppose that there exists a sequence {wj}jgN C N, m 3 — > oo suc/i i/iaf /or 
eac/t j G N, g m ' (7) G Wo. Then, J 7 (/) is a Jordan curve. 

Proof. LetP*(/) := P(/)\ 7 r £ : 1 ({oo}). By assumption, we have 7r e (P* (/)n7r- 1 ({a})) C int(if a (/)). 
Since int(_fC Q (/)) is simply connected, there exists a Jordan curve £ in int(if Q (/)) such that 
7Tg(P*(/) R 7r _1 ({a})) is included in the bounded component P of C \ £. Since / is hyperbolic, 
[271 Theorem 2.14-(4)] implies that the map x 1— ► J x (/) is continuous with respect to the Haus- 
dorff topology. Hence, there exists a neighborhood Uq of a in X such that for each (3 G Uq, 
Jp(f ) H (£ U B) =0. Moreover, since P(/) is compact, shrinking Uq if necessary, we may assume 
that for each (3 G Uq, tt £ (P*(/) n tt" 1 ^/?})) C P. Since tt £ (P(/)) n C is bounded in C, it follows 
that for each j3 G Uo, £ < Jp(f)- Hence, for each ft £ Uq, there exists a connected component Vg 
of int(Kp(f)) such that 

TreCP^^n^a^c^. (26) 

Let 7 G X be an element and suppose that there exists a sequence {mj}j£^ C N, rrij — > 00 such 
that for each j G N, ff mj (7) G Uq- We will show that iat(K~(f)) is connected. Suppose that there 
exist two distinct connected components W\ and of int(if 7 (/)). Then, combining ,30, Corollary 
2.7] and ([26]) . we get that there exists a j G N such that 

7r e (P*(/) n 7T _1 ({/3})) C = f lm {W 2 ). (27) 

We set W — / 7)rrt;) .(Wi) = f 1 , mj {W2). Let {V^}[ =1 be the set of all connected components of 
(/■y.m j )~ 1 (W). Since 7^ W2, we have r > 2. For each i = 1, . . . , r, we denote by pi the number 
of critical points of f limj ■ Vi —> W counting multiplicities. Moreover, we set dj := deg(/ 7imj : Vi — + 
W). Then, by the Riemann-Hurwitz formula, we see that for each i = 1, . . . , r, x(Vi)+Pi — dix{W). 
Since x{Vi) = x{W) = 1, it follows that 

r 

r + = d, where d := deg(/ 7 , m3 ). (28) 

i=l 

By (f2"T)) . we have Y^l=iPi = d — 1. Hence, (|2"51) implies r = 1, which is a contradiction. Therefore, 
int(iT 7 (/)) is a non-empty connected set. Combining it with Proposition 14.61 we conclude that 
J 7 (/) is a Jordan curve. 

Thus, we have proved Lemma \A. 121 □ 

We now demonstrate Theorem 12.211 
Proof of Theorem l2.211 We suppose the assumption of Theorem l2.21l We consider the following 
three cases. 

Case 1: For each 7 G T N , wk(Ky(f)) is connected. 
Case 2: For each 7 G T N , int(iT 7 (/)) is disconnected. 

Case 3: There exist two elements a G T N and (3 G T N such that mt(K a (f)) is connected and such 
that int(Kp(f)) is disconnected. 

Suppose that we have Case 1. Then, by Theorem 14. 11 there exists a constant K > 1 such that 
for each 7 G T N , J 7 (/) is a if-quasicircle. 

Suppose that we have Case 2. Then, by Lemma [4.111 we get that for each 7 G T N , there exist 
infinitely many connected components of int(it T (/)). Moreover, by Theorem 12.191 we see that 
statement |3] in Theorem 12 . 1 91 holds . Hence, statement [3] in Theorem 12.211 holds. 
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Suppose that we have Case 3. By Lemma I4.1H there exist infinitely many connected com- 
ponents of int(Kp(f)). Let W := \J ne w(& n )~ 1 ({/3}). Then, for each 7 £ W, there exist infinitely 
many connected components of mt(-fT 7 (/)). Moreover, W is dense in L N . 

Next, combining Lemma T4. 121 and that the set of all periodic points of a : T N — » T N is dense in 
r N , we may assume that the above a is a periodic point of a. Then, J a (f) is a quasicircle. We set 
V := UneN( cr ") _1 ({ Q; })' Then V is dense in T N . Let 7 S V be an element. Then there exists an 
n£N such that a n {^) = a. Since (/ 7 ,n) _1 0M/)) = # 7 (/), it follows that )J(C(int(if 7 (/)))) < 00. 
Combining it with Lemma f4. 1 H and Proposition ^. 6[ we get that J 7 (/) is a Jordan curve. Combining 
it with that J a (f) is a quasicircle, it follows that J 7 (/) is a quasicircle. 

Next, let ju := ±min{|6-c| | 6 € J(G), c e P*(G)}(> 0). Applying Lemma r4~5l to (/,//) above, 
let S be the number in the statement of Lemma 14.51 We set e := min{<5, /1} and p := (3. Applying 
Lemma l4~8l to (L, a, p, e) above, let (n, 9\, #2, oj) be the element in the statement of Lemma 14.81 Let 
U := {7 £ T N I 3{mj}j < zf,-s, 3{nfe}fe S N, cr mj '(7) — * a, cr" fc (7) — * w}. Then, combining the statement 
of Lemma [4.51 and that of Lemma [4.81 it follows that for any 7 £ U, J 7 (/) is not a quasicircle. 
Moreover, by Lemma [4.121 we get that for any 7 £ U, J-y(f) is a Jordan curve. Combining the 
above argument, [30l Theorem 1.12], Lemma |3.6[ and p"7l Theorem 9.3], we see that for any 
7£W, A 1 (/) is a John domain, and the bounded component J7 7 of F~,(f) is not a John domain. 
Furthermore, it is easy to see that U is residual in T N , and that for any Borel probability measure 
r on Polyde g >2 with T T = T, t(U) = 1. Thus, we have proved Theorem 12.211 □ 

Remark 4.13. Using the above method (especially, using Lemmas 14.51 and I4.12[) . we can also 
construct an example of a polynomial skew product / : C 2 — > C 2 ,/(z,w) = (p(z),q z (w)), where 
p : C — > C is a polynomial with deg(p) > 2, q z : C — > C is a monic polynomial with deg(q z ) > 2 
for each zeC, and (2,10) — > q z (w) is a polynomial of (z,w), such that all of the following hold: 

(I) / : C 2 -> C 2 satisfies the Axiom A; 

(II) for each z £ J(p), the fiberwise Julia set J z (f) is connected; and 

(III) for almost every z £ J(p) with respect to the maximal entropy measure of p : C — » C, the 
fiberwise Julia set J z (f) is a Jordan curve but not a quasicircle, the fiberwise basin A z (f) of 
00 is a John domain, and the bounded component of F z (f) is not a John domain. 

More precisely, for any i?, e > and neN, let pr(z) := z 2 — R,p := p\, h e (w) := (w — e) 2 — 1 + e 
and define t n ^(w) by h™(w) = w 2 -\-t rht (w). For appropriate choice of e small, and R, n large with 
n even, the map f(z,w) — (p(z),w 2 ™ + z +^3 t n Aw)) satisfies (I) (II) (III) above. 

To explain the proof, note that J(p) is contained in the union of two disks D = D(^/R, r) and 
—D, for an r > such that r/y/R — ► as i? — > 00. Let e > be small. Let n be large and let 
g(w) = w 2 . Then there exists an open disk B\ around — 1 + e and an open disk B2 with {0, e} C B2 
such that h™(Bi) is a relative compact subset of B\, /i™(i?2) is a relative compact subset of B2, 
and g(Bi U B2) is a relative compact subset of £?2- Let i? be so large. Then there exists a compact 
subset B[ of B\ and a compact subset B' 2 of i?2 such that 

(i) for each z £ D, q z (B\) C B[ and q z {B2) C i?2 and each finite critical value of q z is included 
in B[UB! 2 , and 

(ii) for each z £ —D, q z {B\ U B2) C B' 2 and each finite critical value of q z is included in B' 2 - 

From (i) (ii) and Lemmas 14.51 and 14.121 it is easy to see that / : C 2 — > C 2 satisfies (I) (II) (III) 
above. 

This example from the author of this paper has been announced in [6l Example 5.10] as "Sumi's 
example." For the related topics of Axiom A polynomial skew products on C 2 , see |6]. Note that 
statement (2) in [6l Example 5.10], which was added by the authors of [6] to the original example 
from the author of this paper, is unfortunately false. More precisely, the author of this paper found 
that the above example gives a counterexample to [6l Lemma 3.5, Theorem 5.2, Corollary 5.3]. 
This matter will be reported in [7]. 
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We now demonstrate Proposition 12.251 
Proof of Proposition [221 Since P*{G) C int(K(G)) C F(G), G is hyperbolic. Let 7 G T N be 
any element. We will show the following claim. 
Claim: int(-fif 7 (/)) is a non-empty connected set. 

To show this claim, since G is hyperbolic, int(if 7 (/)) is non-empty. Suppose that there exist two 
distinct connected components W\ and W2 of int(if 7 (/)). Since P*(G) is included in a connected 
component U of int(K(G)) C F(G), [301 Corollary 2.7] implies that there exists an n G N such 
that P*(G) C f y , n (Wi) = / 7 ,„(VF 2 ). Let W := / 7 ,„(Wi) = f y ,n(W 2 ). Then, any critical value of 
/ 7i „ in C is included in W. Using the method in the proof of Lemma |4T2l we see that {f- 1 .n)~ 1 {W) 
is connected. However, this is a contradiction, since W\ ^ W<z. Hence, we have proved the above 
claim. 

From Claim above and Theorem 14. 1[ it follows that there exists a constant K > 1 such that 
for each 7 G F N , J 7 (/) is a if-quasicircle. 

Hence, we have proved Proposition [2725] □ 



5 Construction of examples 

We present a way to construct examples of semigroups G in Qdis- 

Lemma 5.1 ([37 ). Let G be a polynomial semigroup generated by a compact subset T o/Polyd eg >2- 
Suppose that G S Q and vnt(K(G)) 7^ 0. Let b S int(_R'(G')). Moreover, let d G N be any positive 
integer such that d > 2, and such that (d, deg(/i)) ^ (2,2) for each h £ T. Then, there exists a 
number c > such that for each a G C with < |a| < c, there exists a compact neighborhood V of 
ga(z) = a(z~b) d + b in Polyd og >2 satisfying that for any non-empty subset V' ofV, the polynomial 
semigroup (T U V') generated by the family T U V' belongs to Qdis and K((T U V')) = K(G). 
Moreover, in addition to the assumption above, if G is semi-hyperbolic (resp. hyperbolic), then the 
above (Y U V ) is semi-hyperbolic (resp. hyperbolic). 

Proof. We follow the proof in |37j . Conjugating G by z 1— > z + 6, we may assume that 6 = 0. For 
each h G T, let ah be the coefficient of the highest degree term of h and let dh ■= deg(h). Let r > 
be a number such that D(0,r) C mt(K(G)). 

Let h G r and let a > be a number. Since d> 2 and (d,dh) ^ (2,2), it is easy to see that 

(s)*>2(t£t(£)^)* ^ and only if 

d(d- 1)4 1 K| 1 

lo s a< TV^ — ;r^( lo s 2 - :r lo s^r ~ 3 lo s r )- ( 29 ) 

a + a/j — d/jCt a!/, 2 d 

We set 

/ d(d-l)d h 1 |a/j| 1 \ 

c := mmexp ^ - - _ ^^ log 2 — — log — — log r)j G (0, 00). (30) 

Let < c < Co be a small number and let a G C be a number with < \a\ < c. Let g a (z) = az d . 
Then, we obtain K{g a ) = {z G C | |z| < {^)^} and ^^{z G C | \z\ = r}) = {z G C | 

\z\ = Let L> a := D(0,2(A)^). Since /i(z) = a h z dh (l + o(l)) (z -> 00) uniformly on 

r, it follows that if c is small enough, then for any a G C with < \a\ < c and for any ft, G T, 

h-\D a ) C |z G C I |z| < 2 (jiy) 3 ^) | • This implies that for each ft G T, 

ft-HA.) c e C I \z\ < r}). (31) 

Moreover, if c is small enough, then for any a G C with < \a\ < c and any ft G T, 



K{G) G 0- x ({* G C I \z\ < r», ft(C \ D„) cC\J).. (32) 
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Let a G C with < \a\ < c. By (f3Tj) and ([32]) , there exists a compact neighborhood of g a in 
Polydcg>2, such that 

K(G) U |J JT^A,) Cint M 9~H{z € C | \z\ < r}) ] , and (33) 



|J h(C\D a ) dC\D a , (34) 

which implies that 

int(A-(G0)U((C\D o )cF((ruV)). (35) 
By (|33p . we obtain that for any non-empty subset V' of V, 

K(G) = K((T U V')). (36) 

If the compact neighborhood V of g is so small, then 

(J CV*(g) C int(£(G)). (37) 

Since P*(G) C K(G), combining it with (|31)|) and (f3"7) . we get that for any non-empty subset V 
of V, P*«r U V - ')) C iv ((L U V')). Therefore, for any non-empty subset V' of V, (r U V) G 5- 
We now show that for any non-empty subset V of V, J((L U 1/')) is disconnected. Let 

[/ := I int( f) g~\{z eC\\z\< r}))\ \ \J h~\D a ). 
\ gev J her 

Then, for any h G L, 

h(U)cC\D a . (38) 

Moreover, for any 5 G V, g(U) C int (#((?)). Combining it with ([35]). ([38]) . and Lemma l3~Tll2l it 
follows that U C -F((r U V)). If the neighborhood V of g a is so small, then there exists an annulus 
A in U such that for any g £ V, A separates J(g) and [J her h^ 1 (J(g)). Hence, it follows that for 
any non-empty subset V of V, the polynomial semigroup (r U V) generated by the family L U V 
satisfies that J((L U V')) is disconnected. 

We now suppose that in addition to the assumption, G is semi-hyperbolic. Let V' be any 
non-empty subset of V. Since G is semi-hyperbolic, UH(G)nC C P*(G)nF(G) C K(G)nF(G) = 

mt{K(G)). Moreover, by ([35]), J((L U V 1 )) cC\((C \ D a ) U int(K(G))") . Therefore, there exists 

a positive integer N and a positive number 5 such that for each z G J((L U V')) and each h E G, 
we have 

deg(ft : W -> 5)) < TV (39) 

for each connected component W of h~ x {p{z, 8)). Since P*((ruV r/ )) C K({TUV'}) = K(G), dMD 
implies that there exists a positive number Si such that for each z € UoeV U ^'))) an( i 

each /3 G (L U V), 

deg(/3 : £? — » D(z, Si)) — 1, (40) 

for each connected component £? of f3~ 1 (D(z, Si)). By ([37| . there exists a positive number (52 such 
that for each z G J((T U 1/')) and each a G V', 

diam Q < Si, deg(a : Q -> L>(z, <5 2 )) = 1 (41) 
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for each connected component Q of a 1 (D(z, 62))- Furthermore, by ([39]) and [2TJ Lemma 1.10] (or 
[28]). there exists a constant < c < 1 such that for each z G J((T U V')) and each h £ G, 

diam S < 6 2 , (42) 

for each connected component S of h^ 1 (D(z, cS)). Let ( £ (F U V') be any element. If £ S 
G, then by (35]), for each z £ J((F U V"')), we have deg(( : W -> -D(z,c<5)) < iV, for each 
connected component IF of h~ 1 (D(z, c6)). If £ is of the form £ = h o a o /3, where ft, 6 GU {M}, 
a G V, and /3 € (F U V) U {Id}, then combining ([39]), JM]), and igT}, we get that for each 
z € J((r U V')), deg(C : Q — * D(z,cS)) < N for each connected component Q of f -1 (.D(,z, c5)). 
Therefore, J((F U V"')) C SH N ((T U V')) and (F U V) is semi-hyperbolic. 

We now suppose that in addition to the assumption, G is hyperbolic. Let V' be any non-empty 
subset of V. By the above argument with N — 1, we obtain that (r U V) is hyperbolic. 

Thus, we have proved Lemma |5. II □ 

Lemma 5.2 ([37]). Let to > 2 and let d®, ... , d m £ N be such that dj > 2 /or eac/i j = 2, . . . ,m. 
Let hi £ 3^di witt int(i : C(/i 1 )) ^ $ be such that (hi) G Q. Let o 2 , 6 3 , . . . , b m G wk(K{h\)). Then, all 
of the following statements hold. 

1. Suppose that (hi) is semi-hyperbolic (resp. hyperbolic). Then, there exists a number c > 
such that for each (02, 03, ... , a m ) G C" l_1 with < |<Zj-| < c (j — 2, . . . , m), setting hj(z) — 
dj{z — bj) dj + bj (j = 2, . . . ,m), the polynomial semigroup G — (hi, . . . , h m ) satisfies that 
G G Q, K(G) = K(hi) and G is semi-hyperbolic (resp. hyperbolic). 

2. Suppose that (hi) is semi-hyperbolic (resp. hyperbolic). Suppose also that either (i) there 
exists a j > 2 with dj > 3, or (ii) deg(fti) = 3, 62 = ••• = b rn . Then, there exist 
d2, 03, ■ ■ ■ , a m > such that setting hj(z) = dj(z — bj) dj + bj (j — 2,...,m), the poly- 
nomial semigroup G — (hi, h,2, ■ ■ ■ , h m ) satisfies that G G Qdis, K(G) = K(hi) and G is 
semi-hyperbolic (resp. hyperbolic). 

Proof. We will follow the proof in [37]. First, we show [T] Let r > be a number such that 
D(bj, 2r) C int(K(hi)) for each j = 1, . . . , m. If we take c > so small, then for each (02, . . . , a m ) G 
£m-i gygjj foafc < \a,j\ < c for each j = 2, . . . ,m, setting hj(z) — aj(z — bj) dj +bj (j = 2, . . . , to), 
we have 

hj(K(hi)) c D(bj,r) c int(K(hi)) {3 =2,...,m). (43) 

Hence, K(h{) = K(G), where G = (hi,...,h m ). Moreover, by (03]), we have P*(G) C K(hi). 
Hence, G G Q. 

If (hi) is semi-hyperbolic, then using the same method as that in the proof of Lemma l5.1[ we 
obtain that G is semi-hyperbolic. 

We now suppose that (hi) is hyperbolic. By ([43]) . we hav e U^ l 2 CV* (hj) G mt(K(G)). Com- 
bining it with the same method as that in the proof of Lemma I57f[ we obtain that G is hyperbolic. 
Hence, we have proved statement [1] 

We now show statement [2] Suppose we have case (i). We may assume d m > 3. Then, by 
statement [1] there exists an element a > such that setting hj(z) — a(z — bj) dj + bj (j = 
2, . . . , to — 1), Go = (hi, . . . , h m -i) satisfies that Go G Q and K(Gq) — K(hi) and if (hi) is semi- 
hyperbolic (resp. hyperbolic), then Go is semi- hyperbolic (resp. hyperbolic). Combining it with 
Lemma l5T] it follows that there exists an a m > such that setting h m (z) — a m (z — b m ) dm + b m , 
G = (hi, ... , h m ) satisfies that G G Qdis and K(G) — K(Gq) = K(h{) and if Go is semi- hyperbolic 
(resp. hyperbolic), then G is semi- hyperbolic (resp. hyperbolic). 

Suppose now we have case (ii) and dj = 2 for each j > 2. Then by Lemma 15. 1[ there exists 
an Q2 > such that setting hj(z) = 02(2 — bj) 2 + bj (j = 2, . . . , to), G = (hi, . . . , h m ) = (hi, /12) 
satisfies that G G Qdis and K(G) = K(hi) and if (hi) is semi-hyperbolic (resp. hyperbolic), then 
G is semi-hyperbolic (resp. hyperbolic). 

Thus, we have proved Lemma 15.21 □ 
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Definition 5.3. Let O be the space of all non-empty compact subsets of Polyd C g>2 endowed with 
the Hausdorff topology. We set 

• TL := {r £ Q | (r) is hyperbolic}, 

• B:= {ren|(r)e Q}, and 

• V:={TeQ\ J((r>) is disconnected}. 

Lemma 5.4. The sets TL,TLnB, TL n V, TL H B H P are open in CI Moreover, T i-> J((r)) is 
continuous on TL, with respect to the Hausdorff topology in the space of all non-empty compact 
subsets of C. 

Proof. We first show that TL is open and T i— > J((r)) is continuous on TL. In order to do that, let 
V £TL. Then P((T)) C F((r». Combining [13 Theorem 2.14(5)] and LemmaEZEIJ it follows that 
for each compact subset K of F((T)) and each neighborhood U of P((T)) in F((r)), there exists 
an n £ N such that for each 7 6 T N , j n ■ ■ ■ 71 (!<") C U. From this argument, TL is open. Moreover, 
combining the above argument and Theorem 13. 2\ it is easy to see that T 1— > J((r)) is continuous 
on H. 

Replacing P((r)) by P*((r)) and replacing P((r)) by int(if((r))) in the above paragraph, we 
easily see that TL (1 B is open. 

Since TL is open and T 1— > J ((F)) is continuous on H, it is easy to see that TL n 2? is open. 
Therefore TL<~) B HD is open. 

Thus we have proved our lemma. □ 

Lemma 5.5. Let gi,gi £ Poly dcg>2 be hyperbolic. Suppose that (<?i),(<72) £ Q- Suppose also that 
P*((gi)) C int(K(g2)) and P*((g%)) C wt,(K(gi)). Then, there exists an m £ N smc/i that for each 
71 £ N with n>m, (g^g^) ^ cma ' (fi >5a) * s hyperbolic. 

Proof. Let £/, V be two open neighborhood of U i=1 P* ((<?»)) such that Vc[/C[/C mt (^(5i)) 
Then there exists an m € N such that for each n £ N with n > m, \J i=1 gf(U) C V. It is easy to 
see that for each n £ N with n > to, P*((^ C [7 C int(if((s? , £#))) C F((g? , g r 2 1 )). Therefore 
for each n £ N with n > to, (g",g 2 ) S 5 and (gi,g%) is hyperbolic. Thus we have proved our 
lemma. □ 

We give a sufficient condition so that statement [3] in Theorem 12.191 or statement [3] in Theo- 
rem d2T] holds. 

Lemma 5.6. Let T be a compact subset of Poly c j LC g>2 and let G = (T). Suppose that G £ Q, G is 
semi-hyperbolic (resp. hyperbolic) , and there exist two non-empty bounded open subsets V\, V2 of C 
with Vx PI V2 = such that for each i = 1,2, Ufcer ^O 1 *) Then, statement^ in Theorem \2.19\ 

(resp. statement^ in Theorem \2.21}) holds. 

Proof. Let / : T N x C -> T N x C be the skew product associated with T. By [27, Theorem 2.14(1)], 
for each 7 £ T N and for each connected component U of P 7 (/), if if is a compact subset of U, then 
diam7„ • • • 71 (if) — > as n — > 00. From our assumption, it follows that for each 7 £ T N , Py(/ ) has 
at least two bounded components. Thus, the statement of our lemma holds. □ 

Remark 5.7. Combining Lemma \5. 11 15. 2\ 15.41 and 1 5.51 (and their proofs), we easily obtain many 
examples of semi- hyperbolic (resp. hyperbolic) G £ Q or G £ Gdis, and we easily obtain many 
examples of V such that statement [2] in Theorem 12.191 (resp. statement [2] in Theorem 12.211) holds. 
Moreover, combining Lemma 15.51 15.61 and their proofs, we easily obtain many examples of T such 
that statement |3] in Theorem 12. 191 or statement [3] in Theorem 12.211 holds . 
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